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Checking meismathematical proofs I 

SECTION   I    INTRODUCTION 

This paper reprwmi s rtr« sttrn^ii ai the axmnarixMiM nf the RMtamatKcmatki of . first order 
theory .md at llilng the new proof chnVn FOL (First Otrier Logic) The logic which POL checks 
Is described in detail in the user manual for tins ptopjam. Weyhrauch and Thomas 1374 It is baser 
on a system of natmal deduction dettrtbed in Piawitz 1965, 1970. 

Our motivation In axiomalmnf, the metam.ithematics of FOL was the desire to work on in 
example which couki be used as a caM study for projected features of FOL and. at the <ame rine 
had independeM mierrst with rflfWd to reprttentinf the proofs of srgnificant mathemancal results 
to a computer 

The eventual ability to clearly p\pir<s the theorems of mathemat.cs to a computer will require the 
facility to state and prove theorems of metamathematics. There are several clear examples; 

a. Axiom ichrmm.   How exactly do we express that 

P(B) A Vn(P{n)3P(n«l))3Vn.P(n) 

is an axiom Khem«? We need to i»f. "If for any first order sentence P with one free variable y we 
denote by P|n) the fotmula nbtarned from P by substituting n for y assuming n Is free for y In P, 
then th? sentence 

P(8) A Vrv(P(n) = P(n.|)) = Vn P(n) 

is an axiom of arithmetic', 

b Theorem schrmns  The following Und of "theorem" is sometimes seen in set theory books 

Vxl      xn S. DT Vu ((xL.xnXT i 3y (<xl, ..xn.yXS)). 

!t asserts the rxistrnre of snmr piincuUr projrction of n«l-tuples. In its usial formulation this is 
not a theorem of let theory at all, but a metatheorem which states that, for each n. the above 
sentence is a theorem. We do not know of any rmplementation of first order logic capable of 
expressing thf abovr notion in a stiaightfor ward way, 

c Subsiilhvy deduction uiln Below we show how to prove that if there is a proof of Vx y.WFF then 
there is also a proof of Vy x.WFF. where WFF is any well formed formula We chose this task because 
it seemed Mmple enough to ilo, and is a theorem which may actually be used. The use of 
metathenrrrm as rulrs of infnrnce by means nf a reflection principle will be discussed In a future 
memo hv RirhuH WeyhMudi Eventually we hope to check some more substantial 
RieuinMhenuiiical theoi wni 

d. Intfrfstn,% mathmttitd tkmmy We preten -wo examples. The first is any theorem about finite 
groups THe notimi of Inme y.roup cannot be ... ined in the usual first order language of group 
theory Thus many "thruimn" are actually meUtheorems. unless you axiomatlze groups in it 
theory   Thp sreond theorem is the "duality principle" in projective geometry. 

 *~t—^~*—*—*—~——  ■-       -       .■.-^-^—— ^^-IJ»L- 
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SECTION 2   THE AXIOM SYSTEM 

In this action we pmtm two sxiomatiiations of the metamathemattcs ü." first order loelc The main 
difference between them is that one 1$ done m a many sorted first order logic and The other not 
TI*S« axlomttiiatiom rcpreMM ^n attempt at experimenting with proofs about properties of 
formulas and deductions No effort has been spent on guaranteeing that the axioms a-e 
Independent It would not only have been uninteresting but also contrary to our basic phllosoph'v 
We wish to find axioms which naturally reflect the relevant notions At the moment this 
axlomatizatton is far from being m its final form Neither the extent of the notions involved nor the 
best w ;y cl expressing them is considered settled. 

Section  2.1    The sorts 

The sorts we have defined correspond to the basic notions of the metamathematics I e terms 
formulas, Individual variables, logical symbols, fiinct;on symbols etc. and to the notions of the 
domains (strings an^ sequences of strings) in which the axiomatizatlon has been defined FOL (see 
Weyhraurh and Thomas 1074) allows the declaration of variables to be of a certain sort In the 
formulas appearing m this paper the following declarations are assumed: 

C fl «2 63 g4g5 R6 

sq R^.l sq2 sq3 sq4 sq5 sqo ( SEQ 

pf pfl pf2 rf3 pf4 p«5 pl6 < PROOFTREE 

•   tl   c2   s3   s4   s5   s6   i STRING 

I  1!   !2   13  «4  15  16  ( TERM 

x   xl   x2   x3  x4  x5   x6   < INDVAR 

•I «li «12 el3 ol4 »15 el6 ( ELF 

f  fl   f2  f3  f4  f5  f6  < FORM 

fh thl th2 fh3 fn4 th5 fh6 < BEW 

A   Al   A2  A3  A4  A5  A6   < AXIOM 

eO cl   c2   c3  c4  c5  c6   < INDCONST 

■   el   a2   a3   a4  a5   a6   i ATOM 

n  nl   n2   n3   n4  n5  K    i INTEGER 

ne nel ne2 ne3 ne4 ne5 ne6 < NUMERAL 

range over the most general sort 

(SEQs are sequences of strings) 

{PROOFTRtts are sequences representing 
derivations In FOL) 

(STRINGS are strings) 

(TERMs are strings representing terms) 

(INDVARs sre strings tepresenting Individual 
variables) 

(ELFs are strings representing elementary 
formulas) 

(FORMs are well formed formulas) 

(BEWs are theorems of a first order theory) 

(AXIOMs are axioms of a particular theory) 

(INDCONSTs are individual constants) 

(ATOMs are the Individual constituents of a string) 

INTEGERS are integers) 

(NUMERALS are numerals) 

--  - - MM  ■-  -   - -  -   '-~- 
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sy syl sy2 syS sy4 sy5 r.y6 * 5YM 

np npl np2 np3 np4 np5 np6 < NJ'LCSYM 

In fnl fn2 In3 fn» fn5 «n6 < 0PC0N5T: 

P   PI   P2   P3   PI   P5   P6   I PREDC0N5T; 

(SYMs .UP logical »ymbob) 

(N.PLCSYMs are symbols which have an nriiy) 

(OPCONSTs are function symbols) 

PREDCONSTs are prtdkatl symbols) 

tbe partial order bptwr.-n thru- mit it (ielinrd by the following FOL declarations 

MG SEO > 1 S^RINC; , PROOFTREE 1 ; 
MG PROOFTREE     > { FORM I; 
MG STRING > { rC«W , FORM , ATOM , VARSTRING 1 ; 
MG TERM > I 1NOVAR | : 
MG FORM > { ELF    SENTC0N5T , PREDPARfl , AXIOM , BEW ) ; 
MG BEW > | AXIOM 1 ; 
MG ATOM > 1 INOCONST . 5ENTC0NST , SYM . INTEGER , N.PLCSYM   . 

innr'AR , INDVAR , AUXSIGN , PREOCONSTO , PREDPARH h 
MG 'H0C0N8T      > ! niiMrPAi | ; 
MG ^YM > ! QUANT . SENICONN 1 ; 
MG N.PLCSYM      > 1 PREDCONST , OPCONST , PREDPAR } ; 

Sotts .tic ilwiys ptedk.lti'l with im'1 iif;iimriit   The declaration 

MG S0RT1 > { S0RT2 ,     SORTn | 

should f.e irvi as SORTl is mart gninal than S0Pr21 .SGRTn and corresponds to the implicit axioms 

Vg SORT 1 (RESORT Ms), 

V630RTn((rpS0RTl(R) 

The fust dr.l.i iiM.n. lr)t instin-o. says thai stnnp.s and derivations are particular sequences of 
foimubs snin,/- »i« in fart MK|itmc« of lrn(;tl 1 and deiivatio-is are those sequences satisfying the 

preduatp PROOFTREE 

Secfinn   ti     I he rtnnuin "f ir|)(r<.rnialioi) of the mrlainatlie.natus 

TM batic nutinir. ni the nwtaMWthnnatkt of fust order logic have been axiomatized In terms of 
HrH», and sro -■ ol Mtin^   Th- primttivr functtont on them are conratenation (c foi   -tungs. cc. 
foi sequrncrO nut wlectoit (car, cdr lor KnngS MU\ scar, sedr for sequences) c and cc are infix 

opei ators 

- ■     - -  ■--  -— 
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Checking metamathematical proofs 

2 2 1    Formulas und tmns 

Formulas and terms are wpwwwd by the string of symbols appearing in them. Terms are defined 
recursively as strings which Pither icpiesent an individual variable or can be decomposed into n*l 
substrings repiesenting a function symbol of arity n. followed by n terms. The two predicates 
defining terms are: 

TERMSEQtf.LAMBDA) 

VMTERMU) ■ INDVAR(s) v 3n (n(fn.car(s) A n«arily(fn) A TERMSEQIvdrCs)))) 

Vn t.dERMSEQdi.s) • ((car(sKPARSYM) A ((len(s) gl t).RPARSYM) A 

3nl (TERMdubslringls^.nl)) A TERMSEQ^-l.subslringls.nWI.UnCe)-!))))) 

where the function cubstringls.m.n) (see appendix 1.2) returns the substring of t starting from its m-th 
element and ending with the nth len(s) computes the length of i and (n gl s) selects the n-th element 
of*. 

Well formed formulas (wffs) are represented as strings which either are elementary formulas 
(defined by the prdiote ELF) or can be partitioned into substrings for formulas and logical 
connectives.   Formulas are drfmrd by: 

V«.(ELF(s) • (s«FALSESYM v PREDPARO(s) v 3n P (P=car(s) A n»arily|P) A TERMSEQ(n,edr(«))))), 

Vt.(F0RM{s) • (ELF(s) v 3* «Mx p.on f) v i.(x ex f)) v 
3fl l2.fHfl *• «2) v E.(fl con 12) v s«(ll impl 12)) v 3f.s«neg(f) )) 5; 

t«n is the infix operator that maps its arguments x and I into the stnng (FORALLSYM e x) e f 
representing the well formed formula Vxl The operator ax Is used for the existential quantifier. 
dis, con and impl are the Infix oprtators for the disjunction, conjrnction and implication of two 
formulas   Finally, M| IS the operator which maps a formula into its negation. 

We could possibly represent wffs as structured objects (lists, trees, etc.) which contain all the 
information about the structure of the formula and do not require any parsing. This approach 
amounts to axiomatmng rnetamathematics in terms of the abstract syntax of first order logic, instead 
of strings of symbols Both of these possibilities should be explored. We have chosen the first 
alternative because: 

1) It is the most traditional, ie. rnetamathematics, as it appears in logic books, is usually stated in 
terms of strings 

2) Axioms In terms of abstract syntax are simply theorems of the theory expressed in terms of 
strings. Thus the two representations look substantially the same with respect to "high level" 
theorems 

3) informed formulas can be mentioned. This is of course impossible in an axiomatlzation in 
terms of the abstract syntax. 

     --  ,_a  — -    --    -- — -        ■■ 
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Thp propertiM of wtt% i.Uv UH ra out ihewy hav« bf«n definpcl by ihr prfdicatrt TR, FRN, GEB and 
SBT rR(x,() i«, nur iff the . nnl'lr x h*t tf Ir.nt mir fier occuitrncc ID the wff i, while FRNtx.n.f) 
and GEBKn.O »ir rrt|)rrrivrt| nur when \ht ntttMe x occurs frrr or hound at thr p\»a n in'the 
foimula f Thru. pinh. n.n ,,ir (irhnrd m ,i|i|irndiv 16 In addition, some generalized selector 
functions nr ciefinrtl. which rvaluw the fust w thr k th fire occurrence of a variable in a wff, or 
the numhei of its free orruirnirr« The (iredicate SBT is then defined, it axiomatizes the notion of 
substitution of a inm Im  iny tire orniiiriur of a vanahlr m a wff 

Vx 1 (I f2(SBT(x,f1fl,f2) i 
Vnl n2 ((n2r(numb(tf>P0tc(K,nl,ll)*(lcn(l)-l)).nl) a 

(HNDVAR(n|  Rl fl) a (nl RI U Hn2 RM2)) A 

(INDVAR(nl fel 11) a ((FRNU.nl.ll )::SUI3T(t,f2,n2)) A 
(-FRNfx.nl.fl) = iNVARKnl.tl ,02,12)))) ))) 

Vt f2 n2 {SUBT(t,(2,n2) • Vx2 k ((k r,\ t)^2 = FRN(x2,n2-(len(t)-k),(2)))), 

Vnfl  nl  f2(INVART(n.ll,nl,f?) M(GtH(nl  rJ <2.nl .f2) = GEB(n RMl,n,fl)) A 
(FRNfnl  gl 12,111,12) - FRN(n EH1 .n,f 1)) A (nl gl f2)=(n gl fl))) 

In the prevKNU rlrfinition, nl U any |K»itKin In the ttrin| .1 and n2 is thr corresponding position in 
f2 The auxiliary [iredicatr r.UBT Main thai the variables appearing in the term ! substituted for a 
free occurreme o( thr vanahli R »re Mill free INVART clefmrs which propeities of fl are still true 
for f2. If the term I is a vai i ihlr, tin n SBT rediKes to SBV 

Vxl  x2 II f2(SBV(xl,x|,f|,l2) • 
Vn  ((-INÜVARfn p.lfl) 3 (n p.! Il)-(n || f2) A 

(INDVARfn gi fl) a ((FRN(xl,n,fl) a FRN(x2,n,f2)) A 

(-FRNfxI.n.fl) = INVARVfn.fl^)))))), 

Vn II (2.(INVARV(n,fl,f2)    ((r.FB(n gl f2,n1«2) - GEB(n »I fl,n,fl)) A 

lFRN(n pi I2.n,f2) i FKNIn gl (l,n,fl)) A (n gl f2)=(n RI (I))), 

The proof of the equivakme of SB1 and SBV when ( is a variable is very simple It is based on the 
fact that n? coincide! with nl whm the trim I has length I (see appendix 4). The function sbt (sbv) 
evaluatrs to the stung reprrsentmg the rrsult of substituting a term (variable) for every free 
occurrence of a vanahlr m » given wff sbt and sbv are defined from the predicates SBT and SBV as 
follows 

Vx t II  l2(S8Tix,t,fl,f2) • sbf(x1t,fl)-f2) 

Vxl   x2 fl  f2(SBV(>;:,x2,fl,f2)     '.bv(xl,x2,fl)-f2) 

Thr problnn nl iiiHm,. the Iwj) H iy nf (icfining functioni in FOL is crucial in ihr axiom system 
given in this p.pn i imifoini way has noi hrtn foHowed. In defininf; the substitution we are 
Interested In |iru|*eriie« ni the FunctHin; M ind r.bv and m drawing conclusions fiom thr fact that a 
substituti-m Ins In in made h is thus useful to have a predicate which defines the relation between 
foimulas before and dtn a uiintltution instead of infmng it from the definitions of the functions 
(stated for example w a system of rquations, as m Klrene 10^) One of the motivations of th« 
present experinwtl was to explore different VM|l of drfmmg functions. We do not yet have enough 
examples of pi oofs to make a clrai (tatemenl about this matter 

  - - ...■,..        ... .  .  , ,   .. - — —  



Checking mectmathematical proofs 

2.2.2    Rules of inferrno. drdiiclions and the notion of provability 

The rules of inference are defined by the predicates \n appendix 1.7. The rules with one premise, 
are expressed by means o' a tinaiy predicate whose arguments are two sequences of wffs (sq, pf) 
which satisfy PROOFTREE. The predicate is true iff pi is the sedr of vq and the first element of sq is a 
wff obtained by applying that particular deduction rule to the first wff of pf. The rules with more 
antecedents are definrd in a similar way. 

Derivations are recursively defined as sequences of wffs which either are a single wff or are 
obtained from one or more denvattons by applying one of the deduction rules. The recursion is 
Implicitly stated by saying that there exist objects of sort PROOFTREE which satisfy one of the 
predicates defining the rules of inference. These sequences represent the linearization of a deduction- 
tree and are defined as follows: 

V8q.(PR00FTREE(sq) <• 
(FORM(r.q) v 
3pl (ORKsq.pf) v ANDE('.q,pO v FALSEE(r.q,pf) v N0Tl(sq,pf) v N0TE(sq,pl) v IMPLKsq.pf)) v 
3pl x I (GENK'.q.pl.x.l) v GENH'.q.pf.x,!) v EXUsq.pf.x.t)) V 
3pfl pf2 (ANDl('.q,p«l,pf2) v FALSEI(5q1pll1p(2) v IMPLE(8q,pfltpf2)) v 
3pfl pf2xl x2EXE(sq.pfl,pf2>xl,x2)v 
3p(l pl2 pf3.0RE(sq1pfl,p(2,pf3) )) ;; 

A sequence of wffs is a piouftrre if either It consists of a single wff or one of the following 
alternatives holds: there exist? another prooftiee and a one premise deduction rule has been applied; 
there exist two prooftiees and one of the two pirmises rules has been applied; finally, there are three 
prooftrees and the predicate defining the velimmation rule is true. Note that the root of a proof^ree 
is not necessarily a theoicm In a given thecry. A predicate DEPEND has been defined wnich is true if 
a given wff is a dependenti for the loot of a prooftree. The axioms about DEPEND allows to decide 
all the dependencies of a piooftiee 

Since some of the deduction rule? (the implication introduction, for instance) eliminate dependencies, 
not all the leaves of a prooftiee pi are dependencies for a wff f such that 4>sear(pl) The predicate 
DEPEND Is tme only for those leaves of the prooftree which the formula f actually depends on. Its 
definition is shown in appendix I 8 The axioms DEPEND state which dependencies do noi change by 
applying the deduction rules and are transferred from one prooftree to the other. The axioms 
NDEPND state which uiles discharge dependences in a given prooftree. 

Using this notion of dependence ,the provability of i formula in a theory Is defined as follows: 

VMBEW«) ' 3sq (PROOFTREE(nq) A f=scar(sq) A VM (DEPENDteq.fl) o AXIOM« 1))));; 

A wff f Is a theorem in a given thpoiy If there exists a prooftree whose first element Is f and whose 
only dependencies are axioms in that theory We have limited our attention to theories in which 
axioms have no free variables This property is defined by the axiom: 

Vx f,(AXIOM(f) a -FRIx.l));; 

Section   2.3    The main proof in the MMJf sorted logic 
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The main throinn wr KtVf piiivpii in this ;i\inm.itiz.ition of the mptamaitifnuticv uatrs. that if Vx 
y wff is »rovahlr in MNM tlif'My, thm Vy x wff is also provablr WP havp ctlOMI this theorem 
bfCaUM, even if vpiy llmplc, it involves h.isic notions of provahihty, stihstitution and universal 
quantification Its proof is IOIIIKI in a|)|)'iKli(Ps ri \? Thp theorem dcpendl on the first three lines 
of the proof The fust Utp is a Irmma Mating that Vx wff sbUx.x.fj^wff, IP Hlbttittlting a vai table x 
for any fiep occinteuer of x in wff dono't change thai wff. Steps two and three give simple facts 
about <;equpnfps Thp thpoiem is tlipn ptovpd by instantiating two other lemmas I) if Vx.wff is a 
thpotem, then wfl is ahn a them em, 2) if wff is provable, then x cannot be free In the dependencies 
of the proof of wff and so Vx.wff is provable This is of course true only for theories with no free 

variables in their axioms 

The only propeity of thp mlnnirp MIIPS ined in this proof involves universal quantifn ation The 
restriction on the ippln ibtltiy of the V inttoiliictioii rule is that the variable to bp timversally 
quantified in I wff mtiM nut appru fire m my uf us cipppudencies This resitiction is reflected in 
out aMomaii/atinn by the pifin .UP APGENI In this proof APGENI is ^itisfied because if wff is 
provable, its dqirndi in H ■■  tu  SMOnH with no lire vamblrs 

The follownu; is an infiimnl pmni uf tin' IIKIVP ihpoirins If Vx wff is provable, then there is a 
prooftipp pf uho'.p tit^t Mini- is Vx wff Ihr tii|iiriKC (Vxwtf) cc pf is Mill a prooftree. It is obtained 
by applviiu the V plimimiinn mir The ipplK.ition of this rule doesn't add any drpendrncy to the 
prooftree. As us «miy dependmctei UP axiotm, it follows from the definition ot BEW that wff is a 
theorem On ihe otln*! hand, it wff iv a theoievn there exists a prooftree pf whose first etemeni is wff. 
By auplyine the v intnn'iK nnn mir to pf we ohtatn thp prooflree (Vxwff) cc pf. This rule is 
auplicable «•nice theorems have no free variables m their dependrnctes It follows that Vx.wff is a 
theorem, If Vx y.wff is provable then Vxwff and wff are provable using the first lemma Finally, we 
can q>iant,fy first OVPI x and then ovei f, obtaining Vy x.wlf as a theorem 

Section  2.4    Anolher s'iioniali/.itioii 

A different axioma'intnn has brpn given in an earlier version of FOL where there was no facility 
for creating lOrtS WP pie^pnt I» here as we want to do some compatisons between proofs, and discuss 
some of the feattir« ol FOL. Some differeiK« between the two ixtomatititlont are due to the new 
featmes available in FOL f hey will be discussed in the next section Here we only discuss the 
difference between thp d<finition nf formulas and terms The list of all the axioms can be found in 

appendifps 2 I R 

In this axiomitmni'ti, fornNitas and terms UP still rroreientrd as the string nt the symbols 
appearing "i them Ibry nr defined ^ strings thai can bp decomposed Into a sequence of 
substrings tecordin« the twiMiuction of that formula or term from elementary formulas and 
individual variables, acrnrdiiif; in thp usual fmmation mips (^ee a|}pendix J ri for the list of axioms). 
These sequences are ilefinnl by thp predicate TERMSEQ tor tPtms and ERR for wffl A sequence 
satisfies the predicate TERMSEQ it it represents thp history of the construction of Its first element (the 
term to be drtined), «.tailing from symbols, functions and individual vanablps Simil.nly, a string is a 
wff if there exists a sequence which ^atistips the ptpcitcatp FRR and represents the history of the 
construction of that wff from rlrmrntary formulas and the logical connectives 

 - -       ■ " ■       —  ^sm^u^if 
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SECTION   3    THE PROOFS 

In this section we look at the proofs appearing in the appendices. In order to explore the features of 
FOL that need Improving and their use In carrying out formal proofs. 

Section   3.1    A loot at sorts 

As already noted, the pnmaiy difference between the two axiomat'i^tions we presented is the 
Introduction of a many sorted logic In thp earlier version of FOL there was no facility for creating 

. sorts, but It sonn became evident that lelativization of wffs to predicates was desirable. The notion 
of partially ordered sorts was a natmal outgrowth. The axioms In the sorted logic are simpler and 
more readabjp and, most important, proofs are considerably shorter. First of all. In the 
axiomatization done in the pailin version of FOL the partial order of sorts wasn't explicit and was 
to be derived as a throirm in the proofs Uiown in the appendices these theorems appear as 
dependencies At the momrnt FOL has no facility for using already proved statements as lemmas In 
making new proofs in FOL thrjp is also the possibility of declaring for each function symbol the 
sorts of its arguments and of its value These sorts were defined In the original version by 
additional axioms For example, together with the definition of the functions sbt and sbv, the 
second axiomatization las two extra axioms. 

Vx t fl.UINDVARtx) A TERM(t) * F0RM((1)) 3 FORM(sbf(x,l,fl)));; 

Vxi x2 M ((INDVAR(xl) A INDVAR(X2) A FORM(ll)) a F0RM(sbv|xl,K2,M)));; 

Proofs are shorter in a many sorted logic. As an example, we can examine the two proofs In 
appendices bl-2 and I.M The second proof is longer because the explicit assumption that x Is an 
Individual variable and f is i wff must be made, and the symbol o must be introduced at the end of 
the proof, to discharge this assumption Note that in this proof the statements labeled TH2 and TH3 
appear as dependencies and the ptnof would have boen even longer if we had proved them there. 
Another dlfreience between the two proofs is that, in the second one, we had to use the axiom 
previously mentioned stating that the result of substituting a term t for every free occurrence of a 
variable in a wff is still a wff The diffetent axiomatization of wffs and terms only influences the 
length of the proofs m appendix ? 1,-?,-? All the other proofs are shorter only due to the presence 
of sorts In FOL Furtheimoie, note that proofs in the second axiomatization have more 
dependencies since all the ttoormu about the partial order of sorts have been assumed. 

Section   3.2    The unify and laiilnlngy coimnands 

FOL proofs are greatly simplified by the existnnce of the commands TAUT and TAUTEQ They decide 
if a given foimula is a tautological consequence of a specified set of wffs. The difference between 
TAUT and TAUTEQ is that the latter uses propctties of the equality and the former doesn't. These 
commands make proofs shot'ei since they allow to decide every propositional sentence in one step. 
As a consequence, the rules of inference most frequently used manipulate quantifiers. The form of 
almost all the proofs we presented I the same Fust of all. the right instantiations of the relevant 
axioms and theoiems are done Then the prepositional consequences are asserted by using TAUT 
and TAUTEQ    The tautology commands cannot of course manipulate the quantifiers appearing in 
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statemrntv limff, thr MMfmrntt |>if>rlu(rr| hy thmi have quantifiers as main symboh or it is 
nece^ary to intinflnrr a quanlidpi to procefd in ti.e proof After the right introrluctions or 
eliminations havr hrrn (loni1 to tlirm, the iMilola^y commands are used again This process is 
Iterated until thn romplrtion at the pioof. 

The commanri UNIFY drcidrs il H f ivrn wff can be obtained by imtantiatmn of quantified variables 
or introduction of them foi fire pccurrcncn of variables or terms in a second wff The code for this 
command has been wntien by Ashnk Chandra and is still in an experimental stage. In the proofs 
presented hem, this mmmand has been «^sontially used for the simultaneous introduction of the 
existential .j.iantifin    As an ryamplf, COHMUPI the following assumption 

1 Vx.(P(x)3(0«l c I2)AVIR(I)))   (I)   ASSUME 

the command 

unify 3)( (P|x)D3f (00)'RWimU: 

deduces in a llngli »Hf 

2 3x.(P(x)=3f (Q(f)AR(R(|)))) (6) UNIFY 1 

A good example nf i cnmbinvd II^P "( thrsr tpatines is found in appendix 3.3: 

!9FRR((xl Ren f) cc SO) (SEQUf NCEuxl p.on f) cc SQJMUxl Ron f) cc UV 
SLAMBOAA(FLF(',c.ir(M  fon \) cc S0))v(FRR('.cdr(()(l t;en f) cc S0))A 

35l r.2.(STRING(';l)A(STRINr.('.2)A(('.c.1r((-.l r.on I) cc S0)=NEG(S1)A 

fmd(l,sl,'1cdr((xl  Ren f) cc S0)))va'C<ir((xl |M f) cc S0)=(sl dis S2)A 

find(21sl c s2,'-cdr((v| r.en () cc S0)))v((5C.ir((xl Ren () cc SOHsl con S2)A 

find(2,sl c s2,'.cdr((xl ,,< n () cc S0))M('.car((xl Ren f) ce SQJ^sl impl S2)A 

find(2,sl c s2,r.cdr((xl Ren f) cc S0)))v((r,car((xl Ren () cc SOMsl g«n   S2)A(INDVAR(SI)A 

findd 1s21scdr((xl Ren f) cc 50)))M'.cflr((xi Ren t) cc SQ)=(sl ex s2)A(INDVAR(sl )A 

find(l,s21scdr((xl Ren I) cc SO))))))))))))))) — VE WFF! (xl gen f) cc SQ 

20 STRING(xl)A(STRING(f)A((r.c«r((xl Ren f) cc S0)^NEG{XI)A 

fmd(l,xl,<;cdr((xl  Ron I) cc S0)))v((';car((xl Ron t) cc SOHxl dis f)A 
find(2,xl c f1';cdr((xl Ron )) cc 50)))v(('.car((xl Ren f) cc SOHxl con I)A 

lind(21xl  e f,';cdr((xl  Ron () tc S0))M('.c.ir((xl Ron f) cc SOHxl impl f)A 
fmd(2,xl c f1':cHr((xl Ron f) cc S0)))v((',c.ir((xl Ron f) cc S0)=(xl Ren   f)A(INDVAR(xI)A 
find(lpflscdr{(xl Ron I) cc 50)))M'.c.ir((xl Ron f)cc SOHxl ex ^A(INDVAR(XI)A 

findd,f)scdr((xl Ron f) cc SO)))))))))) (1 2 3 4 5 6 7 8 II) — TAUTEO 1:19 

21 3sl s2(STRING(s I )A(5TPING(';2)A (('.earful Ren I) cc S0)=NEG(SI)A 

find(l15l,5cdr((xl Ron f) cc S0)))v(('.c,ir;(xl Ron () cc SOHsl dis S2)A 

fmd(21sl c s2,'.cdr((y|  pen f) cc S0)))v((-,car((Kl Ren f) cc SOHsl con S2)A 

find(21sl c r,215cdr((xl Ren f) cc S0))M('.car((xl Ron () cc S0h(sl impl S2)A 

flnd(2,sl c s21r.cdr((xl  Ron i) cc 50))M(^ar((xl Ren () cc SOHsl gen   <;2)A(INDVAR(S1 )A 

find(l,s2,5cdr((xl Ron f) cc S0))))v(-.car((xl Ron f) cc S0)=(sl ex S2)A(INDVAR(SI )A 

findd,s2,scdr((xl Ren I) cc SO))))))))))))))) (I 2 3 45678 II) — UNIFY 20 

Line 19 is the mstamiannn of an axiom   Line 20 is generated by the command, 

TAUTEO   l9:«2t2«2«2«2«l«l(5lH : s2«-xl]   1:19; 
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note how the use of the FOL wbparl designators allows us to mention the desired stibpart of 19 
without having to retype .:. In addition we can do the appropriate substitutions Line 21 Is iust I 
use of LWIFY J 

UNIFY l9:a2«2a2«2B2  20; 

Because we can meniion the conclusion, without writing it down explicitly, the amount of tvoinsr 
necessary is severely teducrd Without UNIFY, line 21 would have required two 3-lntroductlons and 
the commands would have hren 

31 20 xl-tl OCC \,2.3A7,*,\\,\2.\S,16.\9,20,23I2*-, 

31 20 f -t2 OCC 1,5,9,13,17,18,21,22; 

We do not enter into a detailed discusMon of the command UNIFY. It is our intension to do it 
elsewhere It should be thought of as the loutme which handles quantifiers in "simple" inferences 
As seen above, the saving to a user can be large. 
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SECTION   l   CONCLUSION 

Thr rtrsnr to iqtIr^Mt i.ntl,, m .nr. .n .i COm|lUt»r m I tntMl way cc.tamly rcquim iht facility to 
diSCUU mptan.athmvititnl iMNtani Tl.r axM.m.t.ratmn pmcntfd here only treats the syntactic part 
of the probinn Any mmtton of ihe modHl involved needs the addition of «»t theory to the 
axiomatintum Howrvn. it is cleat fiom ihe simple theorems we proved that any practical system 
needs more extern!ve fealmr. even to do a satisfactory job of writing down the theorems we might 
W o I H 

An importaiM pelM f« (m.n.- Mirk is how (in a practical way) to use these theomm Consider for 
instance 

Vxl  x2 f (t:EW(xl g«n (x2 |M 0) 9 0EW(x2 p.en (xl p.en f))) 

What we mean by reflccIMn principle is a rule of FOL which says: 

//BEW(I) 
/- 

///< 

//m meta FOL 

/ m FCL 

That is. H m the ivmm-.iin'nm n| ihr lurt.in.Khrmatics of FOL, we can prove the exigence of an 
FOL pioof of f. then we ( u, »im « m FOL. Suppose we have a proof in FOL nt Vx y wff Then 
Instantiating thr above theorem givet m 

BEW(K gen (y Ren wff)) ■ DEW(y gen (x gen w(()) 

Since we staned wnh , proof .,1 Vx y wff m FOL and BEW rtpmemt the proof predicate for FOL 
we can conclude DEW(x Ren (y Ren wf())    Using modus ponens we ^et BEW(y e«n (x Ren wff))   and 
using the above rtite we can conclude Vy i.wff in FOL 

The exact form ot iuch i rule u,Vw^ mi!r rxamplei of proofi and is one of the mam reasons for 
doing the exampb in ihr mrmn It is not (usi . proof checking exercise, but a case study for 
rundamental questions of re|ircjenting mathematical information m a computer Usinp 
rnefamathematics aho prepar« the way for mo« comprehensive systems which can formally discust 
how they teason   riiat is exactly what the metamathematics is good lor 
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APPENDIX   I 

THE AXIOMS IN THE MANY SORTED LOGIC 

1.1    Natural mnnbm 

AXIOM NUMB: 

Vnl n2 n3     (n|.n2 = |n|rn3 a r^rrt)), 
Vni  n2. {nl=n2 = 5utc(nl)=succ(n2)), 
Vnl O^ucchl), 

Vnl n2 (r.ucc(n|)rsu:c(n2) a n|in2) 
vnl nl.Bml , 

Vnl n2. nl»!;ucc(n2)=5ucc(n|.n2) . 
Vnl. nl*B=n, 
Vnl n2. nl*succ(n2)«(nl*n2)«nl •; 

AXIOM INDCT: 

(F(8)AVn.(F(n)=r{n«l)))3 VnFh);; 

AXIOM DEFN: 

Vn. (succ(n)-|)=n   , 
Vnl n2. $uee(nl)-n2=nl-(n2-l) , 
Vnl n2 n3. (nl<n2 ■ 3n3 (n3/fl A nl.n3.n2)) 
Vnl  n2. (ni<n2 » (nl<n2) v (ni.n2)) 
Vnl n2. (n2>nl ■ nl<n2) , 
Vnl n2. (n2inl ■ nl<n2) ;; 

12    The set of symbols 

AXIOM SYM: 

V.. (SYM(a) . a=LPARSYM v a=RPARSYM v a.QRSYM v .«ANDSYM v ..IMPSYM M 

•.FALSESYM v i.FQRALLSYM v oEXISTSYM) ;; "™PSyM v 

13    Strings 

AXIOM STRING 
Vs s-car{r,) c cdrls), 
Vsl 12. (si =LAMßDA r. c«r(Sl c £2Nar(s2)) , 
Vs S2. felAAMBOA = car(nl c rtfearfol)) 
Vs s2. (5|=LAM(3DA3tdr(sl e S2)=cdr(s2)) 
Vsl s2. Ul/LAMnDA=cdrM c S2)3cdr{S|)) 
Vs. (s c LAMBDA=LAMBDA c s) 
Vs s t LAMBDA^ , 
Vsl s2 i3     (si c (s2c tihM es2)t s3), 
V» (lon(a)r| v a=LAMBDA) , 
Vs. I«n(s)>n . 
Vsl 12. (Mill c 52)=lfln(5lHen(s2), 
V» (l«n(5)sj a AT0M{s)) , 
V«- 8 gl s « LAMBDA , 

^^MaM^MflMite 
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Vs n ((n>l )={(n el s)=((n-l) RI cdr(s)))) ;; 

AXIOM SUBSTPDEF: 

Vnl n2 t| .2 (SUO^TPM ..P.nl ,n2) . (Icn^^-nl «1 A(Vn (n>nl Ar,<n2 = 
w   _    „ nr.l-.IMn-n|.|)R;52)))), 
*"| n2 «I t2 ($UBSTP(«|,tl^|^2J i '.ubMnnglsl^1^2)^2) 
Vtl -=2 {8ü8S(tI.slJ . 3nl n2SU8STP(sl)S2pnl1n2));; 

Th. v.h.o ..f .ub.tnn.M.nl^) i, ,„.. Mlb«,^ uf .1 whose first elemrnt || the nlrh cl.mrnt of 
si ,ind whosr list f I-,,,, m u the n.'ih rlnurnf. 

AXIOM DISEQ: 
VRI R2  ('(Ri^.2)- RI/-2);; 

AXIOM EOS: 
Vsj ?2  (Vll(ngii|*n |it2) • 51^2) ;; 

AXIOM COMP: 
VI 
Vfl f2 
Vfl 12 
VI 
Vfl 12 
VK «2. 
Vx f2 

•(fhaPARSVMc De PPAPSYM  , 
II dr.   i;-(0(||) t ORSYM) c e{l2) , 
fl irnpl li::(o(ll) c IMPSYM) c e(f2) , 
nnCh« ""Pl PALSFSYM) , 
II con IMo(ll) c ANDSYMj c e(f2) , 

x Ron l2'(F0ftAUSVM c K) c (2 , 
I W f2t(EXiST$VM C x)c (2 ;; 

14    For niiiln^ 

AXIOM TERM: 

Vn s. 

Vn 
AXIOM WFF: 

Vs 

Vs 

TCRM5E0 (H.LAMUDA) , 
{rCRMMOK-,)     (in| (TERM(r.ub'-,trlnR(-,,i1nl)) A 

TU-MM 0(n-I .f.ubr.tt IIIR!-..!)! * i ,len(s)))))) 
(TCRMfe)    INDVAR(8) v Dn In (ln^ar(5) A n=anty(fn) A TERMSE0(n1cclr(5)))) ;; 

(FORMIC    ItVfM v 
3* < ({«■« Ron I) v {'.zK ex   I)) v 
3(1 I? ((-. • (I dis  12) v (s = fl con  f2) v (s . fl jmpl f2)) v 
3f^noR (f)))j; P      "V 

1.5    Scqurnrr^ 

AXIOM   SEO: 
V-.q 
Vsql <:q2 
Vsql sq2 
Vsql  ^2 

sq;'.car(',q) cc 5cdr(-.q)   , 
(nql^LAMflDA => -.car^ql cc sq2)=scar(sq2)) , 
(^ql/SLAMODA => scar('.q| cc sq2)=scar(sql))', 
(r.q|rSLAMDDA = scdr(nql ce sq2)=5cdr(sq2)) ,' 

mm 
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Vcql sq2 
Vsq. 
Vcq. 
Vsgl ttf »a3 
Vs. 
Vsq. 
Vsq! 
Vsq. 
Vsq. 
Vn sq 

«q2 

AXIOM SUBSEODEF: 

(sql <<SLAMBDA = scdr{sq! tr 1,q2)»scdr(sql) ee sq2) , 
sq cc SLAMBDA.SLAMBDA cc sq , 
tq cc SLA>. äOAesq , 
(sql cc Isq" cc sq3)=i(5ql cc sq2) cc sq3) , 
(slen(s)=l/srSLAMBDA) , 
slon(5q)>ft , 

slon(',ql cc sq2)=';lGn(sql )«slen|sq2) , 
0 Igl sq=SLAMBDA , 
1 SRI sq^,car(sq) , 
((n) i) 3 ((n Sfel sq)=((n-l) sgl scdr(sq)))) ;; 

Vnl n2 syl sq2.      (SUn3EP(',ql ,^2,01,02) i (5len(sq2)Sn?-n!   I A 

(Vn(n1nlAn<n2 a n |f| sq2=(n-nl ♦!< sgl sql)))»   , 
Vnl n2 sql sq2,     (SUn<;rpi,q|(,>q2in| n2) , subs8q(sqllnl,n2)rsq2) , 
Vsql Bq2. (SUBSSE(Sql,sq2) » 2M n2 (SUBSEP(sql,.q2,nl,n2))) ;; 

AXIOM EQSQ: 
Vsql sq2. (Vn(n sgl sql»n SRI 5q2) a sqltsq2) 

1.6    Free and bound variables mid Hie substiiufioii 

AXIOM BOUNDV: 
Vx nf. 

AXIOM FREEV: 
Vx nf 
Vx f. 

AXIOM FIRSTFRDF: 
Vx n f 
Vx nf. 

(GEBlx.n.f) • 3sl s2 fl (len(sl ).l<n A n<(len(fH«n(s2)) A 
U»n gl f)A((f=(s) c ((x gen fl) c 82)))v(f.hl c ((x «x   fl) c «2)))))) ;; 

(FRN(- n.f) ' (Kr(n gl f) A -GEBIx.n.f))) . 
(FPIx.f; i anFRNCx.n.f));; 

(FIRSTFREEix.n,!) i (FRNIx.n,!) A Vnl.(x.nl {I f a (nl>n v GEB(x.nl.f))))) 
IFIRSTrREEIx.n.O H.rsflreeoceU.IN) ;; »MMWW , 

AXIOM   <FREEOCCOFi 
Vx K n f (KTHFREEOrClx.k.n.f) ■ ((K=n A a» I) v 

MMlft) A Vn2 |n2^Mh(roeofc(x1k-l1f) a -FRNCx^.f))) v 
(FRN(x.n,f) A Vnl ((nl <k A nl >0) a 3n2 (n2<n A KTHFREEOCCMl ,n2J)))))) 

(KTHFRREOCC(v,k.n1f) i klhfroeorctx.k.D.-n) , '   l'n''U"W' 
(KTHFREEOCCIx.k.r.f) a numbfreeoccix.n.f)^), 
(numbfrooocclx.nl^k z> (KTHFREEOCCIx.k.n.f) v 

(n<ktMrpeocc(x,k,f) A n>klhfreeocc|x,K-l,f))));; 

Vx k n f. 
Vx k n f. 
Vx k n f. 

AXIOM SUBSTDF- 
Vx f fl f2 (SBT(x1l1fl,l2) i Vnl n2((n2^-umbfreeoec(x,nl(fl)*(len(»)-l))»nn3 

((-INDVAR(nl gl f I) a nl gl f| . n2 gl f2)A 
(INDVAR(nl gl fl) D {(FRN(x,nl,f 1) a SUBT(f1l21n2))A 

(^FRN(x,nl1fl)DlNVART(nl,fl,n2,f2))))))), 
(SUBT(t.f2,n2) ? Vx2 k (((k gl t) . x2) = FRN(x2,n2-(len(t).k)lf2;)), 

Vn fl nl f2. |INVART(n1ll1nl1f2) ' ((GEB(nl gl f2,nl,f2) • GEBIn gl fl,n,fl))A 
(FRN{nl .1 f2.nl,12) i FRN(n gl fl.n.M)) A nl gl f2.n fl fl)) 

Vxfflf2      (SBKx.l.fl^j^sbKx.l.fl)^);; 

Vt f2 n2 

■  —■  
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AXIOM SUBDF' : 

Vxl x2 fl t2.{SBV(xl)x2(fl,«?) i Vn(HNOVAR(r, gl fl) D n gl M - n tl f2)A 
QNOVAJHn Rl M ) = ((FRN(xl .n.f I )=FRNU2>n,«2)) A 

KRNIxl.n.fil^lNVARVKfl.lZ)))))), 
Vn fl If.       (INVARVKfl^) . ((GEB(n Rl f2.n(f2) . GEB(n gl (|(n(fl))A 

Vx Kl  fl 12   (SBVCx.xl.U^, I skMx.xl.dMf);; «  ^     " «' " )), 

1.1    Rule« n,  rnfrrriHp 

AXIOM ANDIRUL: 

»., PI (ANDt-.,.,, . *HÄ;,M V „„,.„.„ . „,, „„ ,2).!c.r|pli)v 

AXIOM FALSERUL: 

Vsq pfl pf2  (FALSEI(.q,pfi.p(2) i 3fl ((5cdr(sq)=(pli cc pf2))A 

Ncri^TAlSCSYM) A (neg(f| )=Sc,r(pf|)) A ((l.ix«r(pf2)))) 
VSq Pi. (FALSEE(,qipf) . 3f ((5car(,of).FALSESYM) M^rfSl   "cTÄ));; 

AXIOM IMPLRUL: 

Vsq pfl pl2  (IMPLE(5q,pll.pf2) i 3fl f2 ((Scdr(5q).-(pfl „ pf2))A 
(•:car(pf 1 y (fl imp! (2)) A (scar(sq)=l2 A {scar(pf2) • fl))) 

(IMPLID(.qlPl1f|) . (5cdr(!q)=p( A 3f2.((Sc.r(sq).(fl impj m)" 
(f2=!c«r(pf)) A 3n(«l . (n sgl pi))))). 

(IMPLKsq.pf) . 3f IMPLIO{sq1pl(f |);; 

Vsqpf fl 

Vsq pf 

AXIOM NEGRUL: 
Vsq pf ( 

Vsq pf 
Vsq pf f. 

Vsq pf 

AXIOM OPRUL. 
Vtq pf 

(NOTipt^q.pf.f) i («drliqlrpf A scar{sq).f A (sc«r(pf)aFALSESYM) A 
3n (n ^l pt)=f)) , 

(NOTK-.q.pO - JfNOTIDt'.q.pl.f). 
(NOTED('q,pl.l) i (icdr^.qhpf A (5car(pf) . FALSESYM)A 

3n((n sgl pf)rf) A «^ .eR('.car(sq))))), 
(NOTEO-.q.pl) != 3fN0TED{':q,pf1f);; 

(ORK.q.pf) i (tc*(HM A 3fl f2.((5C8r(sq)=(fl dis f2)) A 
fl=5car(pl)) v (f2=scar(pf))))), 

Vsq pfl pf2 pf3 II 12    (OREDN.pfl,pf2)pf3,fl.f2) . (scdrMMpf! cc (pf2 cc pf3)) A 

(scar(pflHll dis 12) A 3f3 {scar(pl2H3) A   scarlsq^fS A 

(Scar(pf3)=f3)) A 3nl (nl sgl pf2)Sll )A3nl (nl sgl pf3).f2))) 
(OREM,pll,pl2.pf3) i 3fl f20RED(sq,pfl,p,2Ipn.fr,f2));5 

Vsq pfl pf2 pf3 

AXIOM EXRUL: 
V q pf x I EXK-.q.pf.x.l) i 3fl ((Scdr(Sq)=pfj) A (scar(sq)=|x M fl)) A 

•MrfMHMbAfim, 
Vsq pfl pf2 xl x2 fl,    (EXED(.q,p(lIpl2,xI.x21fl) . ((scdr^qHpfl cc pf2)) A 

(^car(pll)r(xl ex fl)) A (scar|sq)=scar(pf2)) A 

w       n    i-,    .    „ :3n«nsr.lp»2)=':bt(xl,x2,fl)AEXAPPL(x2,pf21fl)))) 
Vsq pfl pf2 xl x2 (EXE(.q,Pll)Pf2>xl1x2) . 3fl EXED(sq1pfi;f2 xl.x2 f 

^Rlx.f I))));; 

^.. ^■..■,. .. ............ ^ 
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AXIOM GENRUL: 
Vtq iql x (. 

Vcqsql xl x2. 

Vx sq. 
Vpl3x. 

»GENEIsq.sql.x,») I (scdr(sqHql /\ PR00FTREE(8ql) A 
3((se»r(sql)»x gan f A tcar(sq) ■ sb'^.l.f)))), 

(GENI(sq,5ql,xl,x2) * (5cdr(sq)»sql A PROOFTREEUql) A 

3f («!ear(sq).xl g*n I A $car(sql) ■ sbt|xl,x2ll) A APGENI(x2,8ql)))), 
(APGENKx.sq) a (Vf.(CtPEr3(tq,f) o -FR(x,())) A PROOFTREEUq)), 
APGENI(x,p();; 

1.8    Deduction 

AXIOM PROOF: 

AXIOM DEPNDG: 
Vtqf. 
Vtqf. 

AXIOM DEPEND: 
Vpf pfl f 

Vpf pfl pl2 I. 

Vpf pfl pf2 pf3 f 

(PROOFTREE('.q) ■- (FORM('.q) v 
3pf (ORI(!,q,pl) v ANDEIiq.pf) v FALSEE(sq,pl) v NOTI(sq.pf) v NOTE(sq,pl) v 

IWPLKsq.p»)) v 
3p) x I (GENK-.q.pl.x.t) v GENE(sqlpf,x10 v EXKsq.pf.x.f)) v 
3pfl p(2{ANDI(sq1pn,pf2) v FALSEIUq,pfl,pf2) v IMPLE(8q,pfl,p(2)) v 
3pll p<2 xl x2 EXE(sq,pfl,pl2,xl,x2) v 
3pfl p(2 pit pf3 0RE(sq1pfl.pf2,pl3)));; 

(DEPEND(5q,l) = SUBSSE(f,sq)) , 
((.sq a DEPENDIsq.f)) ;; 

((pll^cdr(pf) => (DEPENDIpf.l) i   DEPEND(pfi,f))) ■ 
(ORKpl.pIl) v ANDEtpf.pfl) v FALSEEIpf.pf 1) v 
311 ((NOTID(p«.p(l,(l) v NOTED(pl,pll,fl) vlMPLID(p(,pfl,fl)) A fl^f) v 
3x t (GENKpf.pf 1 .x,«) v GENE(pf,pll .x.t) v EXKpl.pf 1 ,x,»)))) , 

((((pfl tf pf2='.cdr(pf)) v (p(2 cc p(|rscdr(pf))) a 
(OEPEND(pf,f) - ((DEPEND(p(l,() v DEPEND(pf2lf)))) » 
(ANDKpf.pfl.ptZ) v FALSEI(pl1pfl,pl2) v IMPLE(pf,pfl1p«2) v 
3x1 x2 (1 (EXED(pf1pnipf2.xl,x2,(l) A f^fl))), 

(((((pfl cc (pf2 cc pl3))=scdr(pl)) v 
((pfl cc (pf3 cc pl2))=scdr(pf)) v 
((pf2 cc (pfl cc p(3))=5cdr(pf)) v 
((pf2 cc (pf3 cc n(i))rscdr(pf)) v 
((pf3 cc (p(l c- pu))=scdr(pf)) v 
((pf3rc (pf2 ccpll)Hcdr(pf)))3 
(DEP£NO(pf.() i (DEPEND(pfI,f) v DEPEND(pl2,f) v 
DEPEND(pf31f))))3 
3(1 (2(ORED(p(Ip(l>p(2,p(3l(l1(2) A f/fj A (^2)) ;; 

, 

AXIOM NDEPND: 
Vpf I pf2 ( ((NOTID(p(l.pl2.f) v NOTED(pfl1p(2,() v 11^^(^1^(2,0) a 

■.DEPEND(p(l1f)), 
Vpfl pf2 p(3 xl x2 f( EXED(pfl,pf2,p(3,xl,x2,() ■ - DEPEND(p(l,()) , 
Vpfl p(2 p(3 p(4 (I (2    (ORED(pfl,pf2,pi3,pf41fl,(2) a < ÜEPEND(pf 1 ,fl) A 

'DEPEND(pfl,f2));; 
V(. (BEW(f) 3 3?q (PROOFTREE(sq) A ( . tcar(tq) A  VfI (DEPENDUq.fl) 

AXIOM(fl))));; 

AXIOM THEORY: 
Vx( (AXIOM(t) o ^R(x,f));; 

■  -- ■ .   
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AXIOM INFVAR: 
V«.3x.Vn. Hfll   /   x 

-  , MM  ^-w- -^ 
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APPENDIX  2 

THE AXIOMS IN THE LOGIC 

2.1    Natural numbn: 

AXIOM NUMB: 
Vnl r2 n3. ((INTEGER(ni) A INTEGER(n2) A INTEGER(n3)) s (nl.n2 a (nl.n3 a n2«n3))) 
Vni n2. ((INTEGER(nl) A INTEGER;n2))3 (nl.n2 3«uee(nl).suce(n2))) 
Vn.V (INTEGER(nl) = Oysucc(nl), 
Vnl n2. (INTEGERCnl) A INTEGER(n2)) a (succ(nl) • 8ucc(n2) a nl - n2)) 
Vnl. {INTEGEMnD^nl^nl), 
Vnl n2. ({INTEGER(nl )AlNTEGER(n2)) o nl ♦ suce|n2) - suce(nl ♦ n2)) 
Vnl (INTEGER(nl) a 01*0=0), 
Vnl n2. ((INTEGER(nl) A INTEGER(n2)) s nl *suee(n2).(nl *n2)»nl);; 

A  lOMINDCT: 
(r(0) A VK.|INTEG:R(V) O (FOO a F{x.l)))) » ^.(INTEGER(>.) s '-(x))» 

AXIOM OEFN: 
Vn. (INTEGER(n)3 (succ(n)-l)=n), 
Vnl n2. ((INTEGER(nl) A !:MTEGCR{n2)) a succlnl j^.nl-^-l)), 
Vnl n2 n3. ((INTEGER(nl) A INTEGERS':) A INTEG:R(n3)) s 

(nl^n2 i 3n3(n3/0 A nl»n3=n2)))) 

Vnl n2. ((INTEGER(nl)AlNTEGER(n2)) J (nl<n2! (nl<n2) v (nl.n2))) 
Vnl n2. ((INTEGER(nl) A INTEGER{n2)) a fn2>nl » nl<n2))I 
Vnl n2. CWTKERftil) A INTEGER(n2)) a (n2inl • nl<n2)), 

2.2   The set of symbol«, 

AXIOM SYM: 
Vr 

2.3 Strings 

AXIOM STRING 
Vs 
Vsl s2. 
HI s2 
Vsl s2. 
V«l s2 
Vs. 
Vs 
Vsl s2s3 
Vs. 
Vs. 
Vsl s2 
Vs, 

(SYM{a) i a-LPARSYM v j.RPARSYM v a-ORSYM v a-ANDSYM v a-IMPSYM v 
a«FALSESYM v a=FORALLSYM v a«EXISTSYM) ;; 

(STRINGS) = s»tar(r,) c cdr(s)) , 
((STRING(sl) A STRING^)) a (si^LAMBDA => car(sl e s2)«car(s2))) 
((STRING(sl) A STRING(52))3(sl/LAMB0A sear(sl e s2).ear{sl)))' 
((STRING(sl) A STRING(52)) s (sM.AMBDA a edrlsl e s2).edr(s2))), 

((STRliMG(sl) A STRING(52)) a (sl/LAMBD/, a tdr(sl e B2).edr(«l))) 
((STPING(s) a (s c LAMODA--LAMBDA c s)), 
(STRINGt-.) a (s c LAMBDAns)), 
((STRINGS!) A STRING(s2) A STRING(S3)) O (si c (s2 e s3).|«l e 82) c 83)) 
(STRINGM o (lon(a)=l v a^LAWBDA)), 
(STRINGS) 3 lonl-,)^), 
((STRINGED A STMN6U2)) 3 len(sl c $?)»l«n(sl )»l«n(s2)), 
(STRINGS) 3 (len(5)»l 3 A10M(s)), 

__ tm 
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V, 
Vt 
Vtn. 

(STmNG(s) a 0 gl fLAMBDA), 
(STRING(s) a 1 Rl SKflrls)), 
((STRING(s) A iN'TEGER(n)) a (|n>l) a (fn 2\ «).((n-l) gl edr(i;))))), 

AXIOM SUBSTRDEF: 
Vnl n2 |l s2. 

Vnl n2 tl B2. 

Vtl it. 

AXIOM PiSEQ: 
Vgl g2. 

AXIOM EQS: 
Vil It. 

AXIOM COMP: 
Vf. 
Vfl f2. 
Vfl f2. 
Vf. 
Vfl f2. 
Vxf2. 
VK f2. 

((INiEGER(nl) A INTEGtR(n2) A STRINGUl) A STRING(S2)) a 
(r.Un?T?(s!,52,ni,n2) i (Ien(s2)=n2-nl*l A (Vn,(n>nl A n<n2 a 
np.!sl=(n-Pl.|)Rls2))))), 

((INTEGER(nl) A INTEGER(n2) A STRINGIsl) A STRING($2)) » 
(SURSTP(slfs2.nl,n2) » 8ubstring(sl,n!(n2).s , 

((STRINGJsl) A 5TRIMG(s2)) a rsUBSUl^) ■ 3n. n2.SUBSTP(il1s2,nlln2))),; 

HBl'e2)'gi/g2);; 

((STRINC(«l) A äTRING(i2)) a (Vn.(INTEGER(n) a (n gl il>n gl «2» ■ sl>s2))it 

(FORM«) n («{IHLPARSYM c f) e RPARSYM), 
((FORM(fl) A FCRM(f2); a (fl dii (2).(*(fl) e ORSYM) c •(f2))1 

((FORM{fl) A FORM(f2)) o (fl impl f2)«(«(fl) e IMPSYM) e •(f2)). 
(FORM{f) a neg(f).(f imp! FALSESYM)), 
((FORM(fl) A F0RM(f2)) a (fl con f2)«(.vfl) e ANDSYM) c •U2)), 
((INDVAR(x) A FORM(f2)) a (x gen f2).{FORALLSYM c x ) c «2)      , 
((INDVAR{x) A FORM()2)) B (x «x f2).(EXISTSYM c x) e f2)    ;; 

2.4   Sequences 

AXIOM  SEQ: 
Vsq. 
Vtql sq2. 

Vtql sq2. 

Vtql ^2. 

Vtql tq2. 

Vtq. 
Vsq. 
Vtql iq2 tq? 

Vt. 
Vtq. 
Vsql sq2. 
V«q. 
Vtq. 
Vn tq. 

AXIOM SUBSEQOEF: 
Vnl n2 tql sq2 

(SE0UENCE(5q) a sq^scartsq) cc tcdr(tq)) , 
((SE0UENCE(5ql) A SEQUENCE(fq2)) s (tql-SLAMBDA a 

scar(sqi cc sq2}=scar(sq2})), 
((SEQUENCEUqi) A SEQUENCE(sq?)} a (tqi/SLAMBOA a 

tcar(5ql cc sq2)=scar{sql)))l 
((SE0UENCE(5ql) A SE0UEiNCE(sq2)) a (tql-SLAMBDA a 

scdr(sql cc sq2)=scdr(sq2))), 
((SEOUENCE(sqi) A SE0UENCE(sq2)) a (sql/SLAMBOA a 

scdr(sqi cc $q2)»scdr(sql) cc sq2)) , 
(SEOUENCE(sq) a sr c«. SLAMBDA.SLAMBDA ee tq), 
(SEOUENCE(sq) a sq cc SLAMBOA«sq), 
((SEOUENCE(sql) A SEQUENCER) A SE0UENCE(tq3)) a 

(sql cc (sq2 cc tq3):(sql cc »q2) cc tq3)) 
(STRING(s) a (slen(sH v s-SLAMBDA)), 
(SEOUENCE(sq) = slon(sq)>B), 
((SEQUENCER 1) A SE0UENCE(5q2)) a tUn(sql cc tq2)>tl«n(tql)*Bl*n(Bq2)) . 
(SEOUENCE(sq) 3 B sgl sq=SLAMBDA), 
(SEOUENCE(sq) 3 1 sgl sq=scar(sq)), 
((INTEGER(n) A SEQUENCE(sq)) a ((n>l) a ((n tgl tq)=((n-n sgl tcdr(tq)))) ;; 

((INTEGER(nl) A INTEGER(n2) A SEQUErJCEUql) A SE0UENCE(tq2)) 

ihm ■■■■«■^iai I^^BMH 
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(SUBSEP(sql,^2,01,02) ? (slen(sq2)sn2-nl»l A (Vn.(n>nl A n<n2 a 
Rtlll 5q2 = (n-nl.l)sRl cql ))))), 

Vnl n2 sql sq2.    ((INTEr.ER(nl) A INTEGER(n2; A 5E0UENCE(sql) A SrOUENCE(sq2)) » 
(SUDSEP(5ql1r,q21nl)n2) I 8M>mlnlfi***)*&)), 

Vsql Bq2. |(SEOUENCE(!;ql) A SE0UENCE(5q2)) a (SUBSSE(sql1sq2) • 
3nl n2.(SUBSEP(sqi,sq2,nl,n2))));; 

AXIOM EQSQ: 
Vcql sq2. 

I 
! 

KSEOUENCEUq') A SE0UENCE(sq2)) a (Vn.(n (el «ql-n igl <q2) a tql-^));; 

2.5   Formulas 

AXIOM FINH: 
Vsq 
Vn s sq. 

AXIOM FINDTOP: 
Vsq. 
Vn s sq. 

AXIOM TERM: 
Vsq. 

Vt 
AXIOM WFF: 

Vf. 

V.q. 

Vf. 

(FINDUM-AMBOV^ SEQUENCECsq)), 
(FIND(v,,;:q) - INTEGER(n) A STRING(s) A SEOUENCE(sq) A 

3n si s2 iiNTEGER(n) A STRING(sl) A SlRING(s2) A (8<3 A c<sl«n(sq)) A 
(sl«(n tgl sq)) A (s»(sl c E2)) A FIND(rri1s2lsq)));; 

(FINDTOPai.SLAMBDA.sq)^ SEQUENCEIsq)), 
(FINDTOPKi.oq) " INTEGER(n) A STRING(S) A SEOUENCE(sq) A 

35l s2 (STRINGM) A STRING(S2) A (sl/LAMBDA) A Msl c 82)) A 

(limrta)) A frINDT0P(n-l,s21scar(sq))))i; 

(TCRMSEOitq) ! SEOULNCE('.q) A ((slen(sqhl A INDVARd sgl sq)) v 
(r,lon(-,q).l A TERM?EO('.cdr(':q)) A (INDVAR(5c«r(5q)) v 
3n i INTCGER(n) A STRINGS) A (s=car(scar(sq)) A OPCONST(s) A n«*rity(6) A 
FIND(n,cdr('car(-.q)),'.cdr (-.q))))))), 

(TER!-:;'I • STRING(I) A ^sq (TERMSEO(sq) A Ucarlsq)));, 

(ELF(f)    STRING(f) A (f=FALSESYM v PREDPARO(f) v 3n sq.(INTEGER(n) A 
SEQUENCE('.q) A PPEDPAR(car(f)) A n«arity(car(()) A TERMSEQ(sq) A 

FlNOTOPin.cdriO.sq)))), 
{FRR(r,q) - SEOUF.NCE(-.q) A (sq/SLAMBDA) /, (ELF(5car(sq)) v 

|niR(scdr(«<|)) A 3sl 52.(STRING|sl) A STRING(s2) A 
(((',car(',q)-neR(sl) A FINDd ,xl ,scdr|sq))) v 
b««p(cq)>(tl dis s2) A FIND{2)(sl c s2),scdr(sq))) v 
(Nar(sq}t(s| con s2) A FIND(2,(5l c s2),scdr(sq))) v 
(seart'.q)^",! impl s2) A FIND(2)(si c 52),scdr(5q))) v 
(scar(r,q)r(5l f>en 52) A INDVAR(sl) A FIND(l,s2>scdr(sq))) v 
(scar(sq)=(5l ex s2) A INDVAR(sl) A FINDd^.scdrUq))))))))). 

(rORM(f) r STRING(f) A 3sq (FRR(sq) A f.$car(sq)));; 

2.6   Free and bnunri variablrs and the stibstiMition 

AXIOM BOUNDV: 
Vx n UGEBU.n.O ' INDVAR (x) A INTEGEP(n) A FORM (f) A 3sl S2 fl ,(STRING(S1)A 

FORM(ll) A STRINGS) A lcin(sl)n<n A n<(len(fHen(s2)) A 
(x«n gl ()A(((=(sl c ((x gen tl) c 62))) v (Msl C Ux «x fl) e f3))))));; 
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AXIOM FREEV: 
Vx n f. (FRNIx.n.O i INDVAR(x) A INTEGER(n) A FORM (f) A x>(n gl f) A 

-GEUM.O), 
Vx f. (FRIx.f) . 3n (INTEGER(n) A FRNtx.n,«)));; 

AXIOM FIRSTFRDF: 
Vx n f. (FIRSTFREEtx.n.O i FRNJx.n.l) A Vnl.(INTEGER(nl) A x-ni el 1 n 

(nl>n v GEBJx.nl.f))))), 
Vx n f. (FIRSTFREE(x,n,«) • lirstlr««(x,f).n);; 

AXIOM   KFREEOCCDF: 
Vx K n I.       (KTHFREEOCC(x.k,n,f) i (INDVARIx) A INTEGER^) A INTEGER(n) A 

FORM(f) A (k=0 A n=n) v 
Men(f) A Vn2.((INTEGER{n2) A n2>MhlrMOce(x,k-l,f)) o -FRNix.nZ.i))) v 
(FRN(x(n,0 A Vnl.((INTEGER(ni)A(nl<k A ni>8)) a 

3n2.|INTEGER(r.2) A n2<n A KTHFREEOCC(x,nI,n2,f)))))), 
Vx k n f.       (KTHFREEOCCCx.k.n.l) • kthfrB«oee(x,k,l).n), 
Vx K n f.        (KTHFREEOCCCx.k.n.f) a numblrBeoce(x,n,0«k), 
Vx K n (.       (numblreeocc(x,n,()«k s fKTHFREEOCC{x1K,n,f) v 

(n<klhfr««oce(x,k,f) A ^MhfreBOceCx.k-l,!)));. 

AXIOM SUBSTDF: 
Vx \ fl 12.    ISBKx.t.fl^) i ((INDVAR(x) A TERM«) A FORMtfl) A F0RM(f2)) a 

Vnl n2.((INTEGER(nl) A INTEGER{n2) A 

n2=numblrpoocc(x1nl)fl)«(lon(t)-l))«nl s 
(HNDVAR(nl RI f 1) s nl p,l f 1 « n2 eH2) A 
(INDVARInl RI «1) a ((FRN|x nl .f I) a SUBT(l,f2 n2)) A 

(-FRN(x,nl,li) a INVART(nl,11,02,12)))'))))), 
Vt 12 n2.       (SUBT(t,l2,n2) i (TERM|I) A F0RM(f2) A INTEGER{n2) A 

Vx2 k.|(INDVAR(x2) A INTEGER{k) A ((k gl t)*x2)) a 
FRN(x2,n2-(len(l)-k),f2)))), 

Vnl (I n2 l2.(INVART(ni,fl,n2,(2) i (INTEGER(nl) A FORM(fl) A INTEGER(n2) A 
F0RM(f2) A (GEB(n2 gl f2,n2,f2) ' GEB(nl gl fl.nl.fl)) A 
(FRN{n2 gl (2,n2.(2) » FRN(nl gl (l.nl.fl)) A 
n2RM2.nl RHI)), 

Vx I f I f2,    |(INDVAR(x) A TERM(t) A FORM(f 1) A F0RMII2)) a 
(SBT(x,l,ll,12)-sb((x,MIH2)), 

Vx t fl. ((INDVAR{x) A TERM(I) A FORMIfl)) s F0RM(sbl(x,Ml)));} 

AXIOM SUBDEF: 
Vxl x2 fi f2.(SBV(xl,x2,fl,f2) i ((INDVAR(xl) A INDVAR(X2) A FORMdl) A F0RM(f2)) » 

Vn.(INTEGER(n) a (HNDVAR(n gl (1) a n gl fl-n gl 12) A 
(INDVAR(n gl fi) a ((FRN(xl,n,fl) a FRN|x21n,f2)) A 
KRN(xl,n,fl) a INVARV^fl^)))))))), 

Vn fl f2       (INVARV(n1ll,f2) = (INTEGER(n) A FORMIfl) A F0RM(f2) A 
(GEB(n gl I2,n,f2) i GEB(n gl fl^fl)) A 

FRN(nRlf1n,f2)sFRN(nglfl,n,fl))A 
nRl(2=nRlll)), 

Vxl x2 fl 12 .((INDVARIxl) A INDVAR(X2) A F0RMU1) A F0RM|f2)) o 
(SBV(xl,x2,fl,f2) i 5bv(xl,x2,fl).f2)), 

Vxl x2 fl.    ((INDVAR(xl) A INDVAR(x2) A FORM{fl)) s F0RM|sbv(xl,x2,f 1)));; 

2.7    Rules of inference 

"--•■ -•■■     -'■ ■     •   ■ -■-■— '--"— 
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AXIOM ANDIRUL: 

Vsq pfl p(2 

Vsq pf. 

AXIOM FALSERUL : 
Vsq pfl pf2. 

Vsq pf 

AXIOM IMPLRUL : 
Vsq pfl pf2. 

Vsq pf fl. 

Vsq pf. 

AXIOM NEGRUL: 
Vsq pf fl 

Vsq pf 
Vsq pf fl 

Vsq pf. 

AXIOM ORR'JL: 
Vsq pf. 

(ANDI|'.Q)pfl)pt2) - (SEQUENCE(sq) A PROOFTREE(pfi) A PROOFTREE(pf2) A 
3fl «2(r;cdr('.q)=(pfl cc pf2) A sc8r(sq)=fl con f2 A FORM{fl) A 
FORM(f2) A )i=scar(pfl) A f2»scar(pf2)))), 

(ANDEIsq.pf) i (SEQUENCEUq) A PROOFTREE(pf) A 3fl (sedr(sq)»pf A 
FORM(tl) A (((scar(<:q) con f 1 )=scar(p()) v 
((fl con (Scar(sq))=scar(pf)))));; 

(FALSEI(5q,pll,pf2) E (SEQUENCE(5q) A PROOFTREE(pfl) A PROOFTREE(pf2) A 
3fi.((scdr(Rq)=(p(l cc pf2)) A {sear(sq)»FALSESYM) A FORM(fl) A 

(neR(x)=5C8r(pfl)) A (xlnscar(pf2))))), 
(FALSEEUq.pf) i (SEOUENCE(sq) A PROOFTRrE(pf) A (se«r(pf).FALSESYM) A 

scdr(sq)=pf));; 

(IMPLE(sq,p(l,pl2) i (SE0UENCE(5q) A HROOFTREE(pfl) A 

PROOFTREE(pf2) A Vfl ((sedr(sq)r(pfl cc pf2)) A FORM(fl) A 
(5CBr(pfi)=(fl .mpl (scar(sq))) A (sear(pf2)=fl)))), 

(IMPLID^q.pf.fl) ' (SEOUENCE(sq) A PROOFTREE(pf) A scdr(so)=pf A 
FORM(fl) A 3f2((r,car(sq)=(fl impl x2)) A FORM(fl) A (f2"sc«r(pf)) A 
3n(INTEGER(n)Afh(nsglpf))))));; 

(IMPLI(',q,pl)OflMPLID(-.q,pf,l));; 

(NOTID(sq,ptlfl) i (udr(sq)*pl A SEOUENCE(sq) A PROOFTREE(pf) A 
FORM(fl) A 3n((«ar(p()=FALSESYM) A scar(sq)»nee(f 1) A 
INTEGER(n) A ((n-.gl pf)=fl)))), 

(NOTK-.q.pf) i 3(.NOTID('.q1pf,f)), 
(N^TED^q.pf.fl) ■ (':cdr(sq)=pf A SEOUENCE(sq) A PROOFTREE(pf) A 

FORM(f) A 3n ((scar(p()=FALSESYM) A INTEGER(n) A 
((n sgl pf)=nop,{5car(5q)))))), 

(NOTE(sq,p()Of.K)TED(sq,pfpf));; 

(ORK'.q.pO " (5cdr(':q)=pf A SEOUENCE(sq) A PROOFTREE(pf) A 
3fl (2 ((5C8r('.q) = (11 dis f2)) A FORM(fl) A FORM(f2) A (fl«scar(pf)) v 
{f2=';car(p())))), 

Vsq pfl pf2 pf3 f. ;2.(ORED('.q1pil,pf2,pf3,(l,f2) i (SE0UENCE{5q) A PROOFTREE(pf 1) A 

PROOFTREE(pf2) A PR00FTREE(pf3) A FORM(fl) A FORM(f2) A 

(scdr(5q)=(pfl cc (p(2 cc pl3)) A 
(scar(p(l)-(fl di? f2))A(scar(pf2)=sear(5q)) A (scar(pf3)«scar(sq)) A 

3nl (nl sgl pf2»=(l) A 3nl.(nl sgl pf3)=f2))))p 

Vsq pfl pf2 pf3.    (ORE(^^11^(2^3) i 3(1 f2 ORED(sq1p<l,pf2lpf3,(l,f2));; 

AXIOM EXRUL : 
Vsq pf x I 

Vsq pfl pf2 xl x2 (! 

(EXK^q.pl.x.t) i (SEQUENCEM A PROOrTREE(pf) A INDVAR(x) A TERM(t) A 
311 ((ncdrl-.q^pfl) A (5car(sq)=(x ex fl)) A FORM(fl) A 
'.car(pO=r,bt(x,t1fl)))), 
(FXED('.q,pll,pf2,xl,x21(i) ■ (SEQUENCE(sq) A PROOFTREE(p(l) A 

INDVAR(xl) A INDVAR(x2) A (scdr(sq)=(pfl cc pf2)) A FORM(fl) A 
(r.c?r(pll):{xi ex (1)) A Utar(r,q)= scar(pf2)) A 

3n ((n igl pf2)=r.bt(xllx2,ll) A INTEoER(n) A EXAPPL(x21pf2)fl))))), 
Vsq pfl pf2 xl x2(EXE(sq,p(l,p(21xl,v2; s EXED(sq,p(l/. 1 lx2))) 

Vx pf f. (EXAPPUx.pf.f) <■ (INDVAR(x) A PROOFTREF(pf) A FORM(f) A -.FRU.scarCpf» A 

. -- --           ,„__,__,„ 
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AXIOM GENRUL: 
Vtq sql x t. 

Vsq sqi xl x2. 

Vx &7. 

Vsq. 

28    DedutJion 

-FKMI A Vf|.(DEP:ND(pflfl) D -FRixM))))-; 

(GENf(Sq,.q|,x.|) i (SEQUENCEIsq) A INDVAR(X) A TERM{t) A 8edr(5a)«al A 

PROOFTREENl) A 3f.(F0RM(f) A Scar(sql)'x gen f A 8Cdr(Sq)8$ql A 

scar(r.q)rr.bl(X)fl()))), 

(GENI^r.ql>x|ix2) i (SEOUENCc(Sq) A INDVAR(xl) A INDVAR(X2) A 

«dr r.q =sql A PR00FTREE(Sql) A 3f.(FORM(f) A («car(Sq).xl Ml f) A 
«ar(rql)=sbf(xl,x2.() A APGENI(x2,Sql)))), * l      " A 

(APGENKx.nq) i (INDVAR(x) A Vf.(DEPEND(Sq,<) o ,FR(x f))) A 
PROOFTREECsq)), "»«.'/;; A 

(PROOFTREE(sq) = 3x.(INDVAR(x) A APGENI(x,tq))) ;; 

AXIOM PROOF: 
Viq. 

AXIOM DEPNOG: 
Vsqf. 
Vsqf 

AXIOM DEPEND: 
Vpf pfl f. 

AXIOM DEP: 
Vp« pfl pf2 f 

AXIOM DEPND: 
Vpf pfl pf2 pf3 f. 

(PROOFTREE(Sq) - ((SEQUENCEtsq) A FORM(Sq)) v 

^MATT^n"^0 A (0RI(s<''Pf) v ANDE(SqlPf) v FALSEEUq.pf) v 
NOTI{r,q,pf) v NOTEUq.pf) v IMPLKsq.pf))) v 

3pf x I .(PROOFTREE(pf) A INDVAR(x) A TERM(f) A 

(GENK-   pl,y,t) v GENE(Sq,pf,xrf) v EXKsq.pf.x,»))) v 
3pll pf2 (rTOOFTREE(p(l) A PROOFTREE(pf2) A 

(ANDI(',q,PfllPf2) v FALSEI{Sq>p(l1p(2) v IMPLE^q.pf 1 ,pf2))) v 

^ijS^lHSSSm^ P,R00FTREE^2> ^ PROOFTREE(pf3) A 

(DEPENDIsq.f) o (SEQUENCEtsq) A F0RM{f) A SUBSSEif.sq))) 
((SEOUENCE(Sq) A FORM(f) A Sq=f) 3 DEPENDCsq.f)) ,;      q    ' 

(((PROOFTREE(pf) A PROOFTREECpfl) A (pfl.scdr(pf))) a 
(OEPEND(pM).DEPENO(pfl1f)))r 

(OPKpl.pf 1) v ANDECpf.pf 1) v FALSEE(pf,pf I) v 

3fl (FORM(fl) A |NOTID(pf,pfl(fl) v NOTEDCpf.pfl.fl) v 
IMPLID(pf,pfl,fl))Af|/()v 

P,P   '    ' 
3x t (INDVAR(x) A TERM(1) A GENI(pf,pf|,x,l) v 

GENE(pf,p||1x,l) v EXKpf.pll.x.l))))) ;• 

(((PROOFTREE(pf) A PROOFTREE(pfl) A PROOFTREE(pf2) A 
(Ipfl cc pl2=':cdr(pf)) v (pf2 cc pfltscdr(pf)))) s (DEPENDfof M ■ 
(DEPFNDIpfl.f) v DEPENO(pf2(f)))) . (AND! p pfl pf2) v   (   ' 
FALSEKpf.pfl^lvlMPLECpfpll^jv 
3x1 x2 f I .(EXEDIpf.pfl ,pf2(xl ^.f I) A f^f j)));. 

(((PROOFTREE(Pf) A PROOFTREE(Pfl) A 

PROOFTREE(Pf2) A PROOFTREE(pf3) A 
l((pfl cc (pl2 cc pf3))=scdr(pl)) v 
((pfl cc (pf3 cc pf2))=scdr(pf)) v 

        ■■ ■■ ■ ■ 



^^—~"~ ^^^—-^^— 

Checking mctamathcmatical proofs 24 

((p)2 tc {pfl cc pf3))=scdr(pf)) v 
((pf2 ee (p(3ce pf 1 ))=scdr(pf)) v 
((pf3 cc (pll cc pf2))=scdr{pf)) v 
((p«3cc (pf2ccpfl))=scdr(pl)))) =) 
(DEPEND(p(10 s (DEPEND(p(l,() v DEPEND(p<2,f) v DEPEND(p(3,f)))) ■ 

3fl <2 (ORED(p<1pfl,pf2,p«3,fl,f2) A f/fl A ^f2)) , 

AXIOM NDEPND: 
Vpll pf2 f ((N0TID(pfl,pf2,)) v N0TED(pU,pf2ll) v IMPLID(pfl,pf2,f)) a 

-DEPENOIpfl,»)), 
Vpfl pf2 pf3 xl x2 ((EXED(pfl,pl2,pf31xl,x2)f) » - DEPENCipd.t)) , 
Vpfl pf2 pf3 pf4 fl If.   (0RED(ptl,p(2,p(3lpt4,fl,f2) 3 - DEPEND(pfl,fl) A OEPEND(pf 1,12));; 

AXIOM PROVABLE: 
Vf (BEW(f) i FORM(f) A 3sq.(PROOFTREE(tq) A fnc<r(tq) A 

V(l.(DEPEND(sq,(l) 3 AXIOM(fl))));; 

AXIOM THEORY: 
Vx ( 

AXIOM INFVAR: 
V«3xVn 

(AXIOM(I) a - FRtx.OAFORMIf));; 

n fl 5/«x) ;; 

i !■■ mm*mmtmm 
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APPENDIX   3 

THE PROOF OF "IF f IS A WFF ALSO       x.f IS A WFF" 

3.1    FOl commands and prliilont in the many sorted logic 

commands 

VE WFFI, x B«n f; 
TAUTEQ  (x c«n <■ x e«n ') v I" l«n < " x ** "i 
UNIFY --:i2«2"l , -; 
TAUT—!•!, h-, 

proof 

1 F0RM(x e.nfHELFU gen 0v(3xl fl ((x gtn f)3(xl C«n fl )v(x g.n f).(xl M ft|N 
(3fl «2 ((x g«n f)»«l d.s <2)v((x gen !)=((! con f2)v(x gen f).|fl impl 12)))v 
3fl.(x genO^negUI)))) 

2 (x gen i)-{* gen f)v{x gen f)=(x ex f) 

3 3x1 fl.((x gen 0»(xl gen fl)v(x gen ()=(xl ex 11)) 

4 F0RM(x gen 1) 

3.2   FOL commands in flip cirlirr axiomatiiation 

DECLARE INDVAR   A U; 
label   hptl: 
ASSUME   FORM(f) A INDVAR (xl) ; 

ASSUME  VfV(SEOUENCE(sq)A sq / SLAMBDA a (STRINCd)» (l ee iq) / SLAMBDA)); 

label    1eo2 ; 
ASSUME   V« sq.(STRING(s)ASE0UENCE|5q)-' Mffe ;c sq)»   s); 
label    leo3 ; 
ASSUME   Vt sq (STRING(s)ASE0UENCE(5q)' tcdr(s cc «q)- «q); 

label    leo4 ; .    .    .» 
ASSUME   Vsq (SEOUENCE(sq)Af;q^SLAMBOA  f   findd ,scar(sq),tq)); 

label    teo5 ; 
ASSUME   Vf x '%FORM(()AINDVAR(X) 3STRING(x gen «)); 
label    teo6; 
ASSUME   Vs sq |STRING(s)ASEQUENCE(5q) ^SEOUENCE{s ee sq)); 
label    teo7 ; 
ASSUME   Vx (INDVAR(x) = STRING(x)); 

Ve WFF2 I ; 
LABEL assl ; 
taut 3sq(FRR(r.q)A(=sear(sq)) 1:-; 
ASSUME FRR(SO) A f - SCAR(SO) ; 
VeWFFI   SO; 
Ve teol SQ ,xl gen f; 

- -  -   - -  -—■ 
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Ve leo: xl  can f .SQ; 
V« teo3 xl  g«n ( ,50; 
Va 1eo4 SQ; 
V« tccö f .xl; 
V« leo7 xl; 
V« Wffl  (xl  g«n Dec SO; 

TAUTEO   -:«2»2«2»2«2"l»l[sl«-f : s2«-xl)   h-j 
unify ":»2"2«2«2«2   -; 
V« feo6 xl  gen f ,S0; 
V« VVFF2 xl  Ren f ; 
tauteq -:«2«2«1 [sq«-(xl een f) tc SQ] I:-; 
unify --:»2«2   -; 
taut r0RM(xl gen f) I:-; 
3« ass 1,-.SO; 

^l-.xl.f; 

3.3    Printout nf thp proof in the r.ulirr a>iniiiati7aiinn 

1 F0RM(f )AINDVAR(X I) (I) — ASSUME 

2 Vsq s ((SE0UENCE(5q)A^q/SLAMBDA)3(STRING('-.)D(s cc sq)/SLAMBDA)) (2) — ASSUME 

3 Vi tq (ISTRIN3(s)ASE0UENCE('.q)) mrfl cc t&t] (3) — ASSUME 

4 Vs sq((STRING{s)ASEOUENCE('q)) -.cdrO; cc 14H4) (4) — ASSUME 

5 VBq((SE0UENCE(';q)'-q/5LAMQDA) (mdd.scarlsqj.sq)) (5) — ASSUME 

6 Vf x ((FORM(I)AINDVAR{X))=STRING(X |M f)) (6) — ASSUME 

7 V« tq((STRING(s)ASEOUENCE(nq))3SE0U£NCE(s cc tq)) (7) — ASSUME 

8 Vx {INDVAK(x)3STRING(x)) (8) — ASSUME 

9 F0RM(f)={STRING(f)A3';q (FR ^f.5car(!q))) — VE VVFF2 f 

10 3sq (FRR(sq)Af=scar(rq)) (1 2 3 4 5 6 7 8) — TAUT 1:9 

1 I FRR(SO)Afrr>car(SO) (11) — ASSUME 

I 2 FRR(SO) (SE0UrNCE(-.0)A(50^LAMBDAA(ELF{',cir(S0))v(FRRKcdr(S0))A3'. 1 
s2(STRINr,1,'.l)A(STPINC.('2)A(('cfl'(SQ)=NEG(',l)Af,nd(l15l1scdr(S0)))v((scariS0^ 
-(si dis i2)AfitMK2t«l c x2,';cclr(5O)))v(('.car(S0)=(!l ccn s2)Aflnd(2,sl c s2, 
scdr(SO)))v((ocdr(r30)::('.l impl',2)Afmd(2.5i c r.2,',cdr(S0)))v((scar(S0)-(5l |«" 
82)A(INüVAR(5l)Almd(l,?21'.rHr(:,0))))v('.car(S0)=(sl ox S2)A(INDVAR(SI )A<indi' 
52.scdr(S0))))))))))))))) — VE WFF1 SO 

13 (SE0UENCE(S0)A50/SLAMBDA)3(STRING(X1 gen f)3(()tl t«n f) cc SO^SLAMBDA) (2) 
— VE 2 SO.xl g«n f 
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14 (STRING(xl    gen f)ASEOUENCE(SO))-«ar((xl Ron f) cc SQH*l gen f) 
(3) — VE 3 xl E«nt,S0 

15 (STRING(xl gen f)ASE0lJENCE(S0))'5cdr(() 1 gen f) cc S0)'50 ;4) —   VE 4 xl gen f.SQ 

16 (SEOUENCECSOJASQ/SlAMBDAIImdd.scarlSOl.SO) (5) — VE 5 SQ 

17 {F0RM(l)AlNDVAR(xl))3$lnnR(xl gen () (6) — VE 6 f.xl 

18 INDVAR|X1)=S7RING(K1) (8) — VE 8 xl 

19 FRR((xl gen f) cc SO) (SCOUENCC((«l p:pn t) tt S0)A(((X1 gen () cc U)/ 
SLAMBDAA(ELF(5car((xi r.en f) cc SQlMFRR^cdrUxl gon f) re ^Q))^ 
3sl s2 (STRING(si)A(STRlNG(^)A((«Är({-;l p.fln f) cc S0)'NEG(si)A 
Imdd.sl.scdrfCH gen f) cc SODMI'.caMUl ?on f) cc SOMsl dis S2)A 

find{2,sl e s215cdr((Kl gen f) cc SO))M('.car((xl gen f) ce S0)s(sl con S2)A 

fjndl2,sl c s2,5cdr(()(l gen f) cc S0)))v((5car((xl gon f) ce SQMsl impl S2)A 

fmd(21sl c s2,';fdr((xl gen f) cc SO)))v((Mar({al gen 1) cc S0)3(sl gen  S2)A(INDVAR(S1 )A 
(md(l,<;21scdr((<l  gen f) cc 50)))M«car(frl gen I) cc 5Q)=(sl ex S2)A(INDVAR(S1 )A 

findd.sZ.'.cdrlCxl  gen f) u SO))))))))))))))) — VE WFF1  (xl gen f) cc SQ 

20 STRING()'i)A(5TRING{l)A((r.cjr((xl  gen f) cc S0)=NEG(XI)A 

find(l,xl,5cdr((xl  gen <) cc SOMMt-.c-irUxl gen f) cc S0)=(xl dls f)A 
find(2.xl c f,«;c^r((xl gen f) cc SQHMUcarUnl g«n f) cc S0)=(xl con 1)A 

fmd(2.xl  c ),';cdr{(xl gon () cc S0)))v((^car((xl gon () cc SOHxl impl f)A 
«ind(21xl c f.tcdrUxl gen f) cc S0)))v({5car((xl gen f) cc SOHxl gen   f)A(INDVAR(xl)A 
find(i1f,scdr((xl gon t) cc 50)))M'.car((xl gen f) cc S0)=(xl ex f)A(INDVAR(xl )A 

♦ mdd.f.scdrClxl gen Dec SO)»))))))) d 2345678 II) — TAUTEQ 1:19 

21 3sl s2.(STRING(0^'STRING('.2)A(('-.car((r.l gon f) cc S0)=NEG(S1)A 

find|l,sl,«dr((xl  |«r I) cc 'lOHMI'.carUxl gon f) cc S0)=(sl dis S2)A 

find(215l c s2,5cdr{(xl gen f) cc S0)))v((5car((xl gon f) cc SOHsi con S2)A 

find(2,sl c s21<;cdr((xl gon f) cc 50)>M(r,car((xl gen f) cc SQHsl imp! S2)A 

«rnd(215l c s215cdr((xl gen f) cc S0)))v(('Jcar((xl gon f) cc SOMsl gen  S2)A(INDVAR(S1 )A 

find(I,5215cdr((xl gon f) cc S0))))v(5car{(xl gon f) cc S0)=(sl ex S2)A(INDVAR|81 )A 

find(l,s2,scdr((xl gen t) cc SO))))))))))))))) (I 2 3 4 5678 11) —UNIFY 20 

22 (STRING(xl gen l)ASE0üENCE(S0i)='5EQUENCE((xl gen i) ec SO) (7) —VE 7 xl GEN f.SQ 

23 FORM(xl   gen ()MSTRING(xl  gon ))A3'.q (FRR(rq)A;xl  g: i D.scarlsq))) — VE WFF2 xl gen f 

24 FRRUx 1  gen f) cc SOWxl gon fHcarUxl gon f) cc SO) d 2 3 4 5 6 7 8 11) TAUTEQ 1:23 

25 3sQ(FRR(sq)A(xl gon fHcar^.q)) (12 3 4 567811) — UNIFY 24 

26 F0RM(xl gen f) (I 2 3 4 5 6 7 8 II) — TAUT 1:25 

27 FORM(xl gen 0 (I 2 3 4 5 6 7 8) — 3E 10 26 U 

28 (FORM{f)AlNDVAR(xl)):>FORM(xl gen () (? 3 4 5 6 7 8) — o\ | 27 

29 Vf xl .((FORM(f)AlNDVAR(xl ))3FORM(xl gon f)) (2 3 4 5 6 7 8) — VI 28 xl«-xl l«-f 

■    ■ J 
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APPENDIX   4 

THE PROOF OF THE EQUIVALENCE BETWEEN SBV AND SBT FOR VARIA BLES 

4.1    FOL cnininanJs in the many sorted logic 

LABEL ARITHI;   ASSUME Vn x (n*(len|x)-j ).8)j 
LABEL ARITH2;   ASSUME Vn    (0.n=n); 
LABEL ARITH3;   ASSUME Vx    (len(x)-i)=8; 
LABEL ARITH4;   ASSUME Vn.   (n-fl).n; 
LABEL STRINÜI; ASSUME Vx    1 6I x . x; 

Proof of the First Lemma Vx f n (SUBKx.t.n) s FRNIx.n.O) 

LABEL HPTLEM; ASSUME SUBTtx.f.n); 
V« SUBSTDFI.x.f.n; 
TAUT •:«2,--1-; 
Vo -.x,!; 
V« STRINGI.x; tubsfr - In -j 
V« ARITH3 ,x; subntr - in --; 
V« ARITH4 .n; subsfr - in --; 
TAUTEOFRN(x,n1f),HPTLEM»l:-; 
at HPTLEM,-; 
LABEL LEMMAI;VI -,x,(,n; 

Proof of the Second Lemma Vn fl fa.ONVARTIn.f 1,^12) • INVARV(n,fI,f2)) 

V» SUB3TDF2,nlfl,n1f2; 
V« SUBDEF1 ,n,H,12; 
TAUT .-:«1 ! -:•!,--,-; 
LABEL LEMMA2; Vi -,0,11,12; 

Proof of the Main Theorem. Vx] x2 fl f2.(SBT(xl,x(2,fllf2)3SBV(xl,x2IMpf2)) 

LABEL HPT; ASSUME SBT(xl1x21«l,f2); 
Ve SUBSTDF01xi,x2.fl,f2; 
TAUT -:«21HPT,-; 
VE -.nl.ni; 
Ve ARITHl,numbfreoocc{xl,nl1(l)1x2;substr - in --; 
VeARITH2,nl; 
Ve SUBDEFO xl1x2,f!1(2; 
V« LEMMA! 1x2,f21nl; 
Ve LEMMA21nl,(l,f2; 
TAUTEO —:«2«lin«-nl],HPT»l:.; 
Vi -,nl«-n; 
TAUTEQ :«J,HPT»I:-; 
at HPT,-; 
VI -(xl,x2,fl>f2; 

4.2    Printout of the proof in the many sorted logic 

 ^ . 
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1 Vn x(n*(l.n(x)-l))=0    (I) 

2 Vn.(0«n)=n   (2) 

3 Vx.(l«n(x)-l)>0   (3) 

4 V.T(n-0)«n   (4) 

5 Vx (I el «Hi   (5) 

6 SUBT(x,f,n)   (6) 

7 SUBTW.n^Vxa K ((k RI x)=x2=FRN(x2,n-(len(x)-K),f)) 

8 Vx2 M(kgl x)*K2=>FRN(x2,n-(len(x)-K),f))  (6) 

9 (I tl x).x3FRN(x,n-(len(xHM)  (6) 

10 (t el *)'*  (5) 

11 x.x3rRN(x,n-{len(x)-l),«)   (5 6) 

12 (l«n(xH)'0   (3) 

13 x.x3FRN(x,n-0,f)   (3 5 6) 

14 {n-0)--n   (4) 

15 x'xaFRNIx.n.f)   (3 4 5 6) 

16 FRN(x,n,0   (3 4 5 6) 

17 SUBT{x.f,n)3FRN(x.n,0   (3 4 5) 

18 Vx f n (SUBT(x,f.r.)3FRN(x,n,l))   (3 4 5) 

19 iNVART(n1fl,n,f2)M(GEB(n || f21n1(2):GEB(n gl flln,n))A((FRN(n gl f2,nl<2)i 
FRN(n Blfl,n,fl))A(n |l f2)=(ngHl))) 

20 INVARV(n,fl,f2)-((GEB(n || f2,n,<2) GEB(n gl ll,n1<l))A((FRN(n el 12,0,12)5 
FRN(nBl ll,n,fl))A(n gl f2)=(n gl fl))) 

21 INVART(n,fl,n,f2)-INVARV(n,ll,f2) 

22 Vnfl f2(INVART(n,fl,n,l2)-INVARV(n,fl,l2)) 

23 SBT(xl,x2,fl,f2)   (23) 

24 SBT(xI ,x21l I ,f2)-Vn 1 n2 (n2=((numb(roeocc(xl .nl ,f I )*(len(x2)-l ))«nl)» 
(HNDVAR(nl gl fl)3(nl gl IIHn2 gl (2))A(INDVAR(nl el f 1 ^((FRmxl.nl.flja 
SUBT(x2,f2,n2))A(-.FRN(xl,nl,n)3lNVART(nl,fl,n2,f2)))))) 
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25 Vnl n2(n2.((numbfreeocc{x|.nl1ll)*(len(x2)-l))«nl)3(HNDVAR|nl el fl)» 

(-FRNIxl.nl.fDalNVART^I.M.nZ,^))))))   (23) W**m 

26 n|.((numblre«occ(xl1nl,f|)«(len(x2)-)))«nl)3(HNDVAR(nl fMl) = (nl till). 

27 (numbfr»«occ(xl,nl,fl)«(len(x2)-l))=0  (!) 

28,!Vn'i<?*nl,3(HNDVAR(nl R',l>=<nl Rl<l)=(ni glf2))A(INDVAR(nl elfl)D 
((FRN(Xi .nl .f 1 )3SUBT(x2lf2.nl ))A(,FRN(xl .nl,(1 )3lNVART(nl .f 1 .nl ,f2)))))   (1 23) 

29 (0«nl)snl   (2) 

30 „SrB
0^

,,1
1''

,2;!l,,r!, Vn{HNDVAR(n * ,l,=(n R' ,1,= (n 8' '2))MINDVAR(n si <1)= 
((FRN(xl1n,(l)=FRN(x2,n,l2))A(-FRN(x|1n,(l)3lNVARV(n1l|,(2))))) 

31 SUBT(x21f21nl)DFRN(x21nllf2)   (3 4 5) 

32 INVARKnl,f 1 .nl,l2)-|NVARV(nl.(1,12) 

33 HNDVAR(nl 6lfl)D(nl Bl(l)=(nl f>lf2))A(INDVAR(nl elfl )3((FRN(xl.nl fl )3 
FRN(x21nl1f2))A(,FRN(xl.nl1i])3|NVARV(nl)fl1(2))))  (12 3 4 5 23) 

34 Vir(HNDVAR(n Rl fl)3(n gl fl)=(n gl f2))A(IN0VAR(n gl (1 ^((FRNUl.n.fDa 
FRN(x2(n.«2))A(-FRN(xl.n,fl)3|NVARV(n.flI(2)))))  (1 2 3 4 5 23)   W,n,M, 

35 SBV(xl,x2,(l1f2)   (i 2 3 4 5 23) 

36 SBT(xl(x21(l(f2)3SBV(x|,x2,<llf2)  (12 3 4 5) 

37 Vxl x2flf2(SBT(xl,x2,fl,f2)3SBV(xl,x21(l1<2))  (12 3 4 5) 

4.3    FOL cnmmands in the rnrlirr .ixiomatiialion 

LABEL ARITH1;   ASSUME Vn x {(INnGER(n) A INDVAR(x))3(n«(l«n(x)-l ).8)). 
LABEL ARITH2;   ASSUME Vn.   {INTEr.ER(n) = (fl.n=n))- 
LABEL ARITH3;   ASSUME Vx.   (INDVAR(x) => ((lon(x)-l')=fl))- 
LABEL ARITH4;   ASSUME Vn    (INTEGER(n) => (n-a)=n); 
LABEL STRINGI; ASSUME Vx. (INDVAR(x) a 1 gl x=x); 

Proof of the First Lemma 

Vx n f.((INDVAR(x) A INTEGER(n) A FORM(f) A SUBT(x,f,n)) o   FRN(x1nIf)) 

LABEL HPTLEM; ASSUME INDVAR(x)AFORM(f)AlNTEGER(n)ASUBT(x1f n)- 
LABEL FACT ; ASSUME INTEGER(I); 
V« SUBSIDEl.x.f.n; 
TAUT -:'2»2«2i21—,-; 
V« -,x,l; 
V« STRINGI.x; TAUT -:"2,HPTLEM:-;5ub';lr - in —• 
V« ARITH3,x; TAUT -:«2.HPTLEM:-;sub5lr - in —' 

30 
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V« ARITHfn; TAUT -:»2.HFTL£M:-;sub5tr - m —; 
TAUTEQ FRNtx.n.D.HPTLEM:-; 
=1 HPTLEM,-; 
LABEL LEMMAI;VI -.x.l.n; 

Pruof pf the Spcor.d kmmi    Vk (I f2 (INVART(k,(l ,^2) ■ INVARV(K,f 1 ,f2)) 

V« SUBSTDF2,M1)M2: 
Ve SUBDEF1 ,MI,:2; 
TAUT --:«| i -.••I,--,-; 
LABEL LEMMA2; Vi -,^1^2; 

Proof of the Ninin riKoirni 

Vxl *2 II fkHINDVARM) A INDVAR(x2) A rORM(l!) A F0RM(I2) A SBT(xl .x2.fl .12)» • 
SBV(x|,x2,f|.f2)) 

LABEL HPT; ASSUME !NDVAR(KI )AINDVAR(X2)AF0RMI1 )AF0RM(f2)ASBT(xl .x2,f 1,12); 

LABF.L THTERM; ASSUME Vx2 (INDVARU^s lERM(x2)); 
VE rHTERM,x2; 
LABEL THNFRO; ASSUME Vxl nl II INTEGER(numblreeocc|xlpnl,ll)); 

V» SUBSTDF01x|,x2.ll,'2; 
TAUT -:«2«2«2»2»2,HPT: •; 
VE -.ni.n!; 

LABEL AUX|A$$UMC INTEGEP(nl); 
VE THNFRO.xl.ni.li; 

Ve ARITHI .numblroeo-'  1 ,nl ,11 ),x2; TAUT -:«2,HPT:-jsubjtr - in 1 
V. ARITH2,nl;TAUT -:»i,r;PTr-;SUBSTR-IN —; 
TAUTEQ -:'«2.HPT.-; 
V« SUBOEFO xl,x21ll,l2j 
VaLEMMAl.x2.l2.nl; 
V« LEMMA2.nl,II,12; 

TAUTEQ —:»2»2«l«2[n«-nl], HPT :-; 
=1 AUX,-; 
Vi Mill 
TAUTEQ :«I,HPT:-; 
al HPT,-; 
VI -,xl,x2,ll,l2; 

4.4    P:iiitnut nf Mir prnnf jn ihc rarlicr axinniatizatio» 

1 Vn x {(INTEGER(n)AlNDVAR(x))D{n*(len(x)-l))=.0)   (I) 

2 Vfv(INTEGER(n)3{0«n)*n)   (2) 

3 Vx.(INDVAR(x)3(len(x)-l).0)   (3) 

^_   -- mm 
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4 Vn.(INTEGEf<(n)3|n-0)Sn)   (4) 

5 Vx..iNDVAR(x)3(l RI X)=K)   (5) 

6 INDVAR(x)A(FORM(f)MINTEGER(n)ASUBT(x,l,n)))  (6) 

7 INTEGER(I)   I?) 

8 SUBT(x,f,n)MTERM(x)A(FORM(4)A(INTEGER(n)AVx2 k((IN0VAR(x2)A(INTEGER(k)A(K gl x) 
•x2))iFRN(x2.n-(l«n(»)-k),f))))) 

9 Vx2 k((;NDVAR(x2)A(INiEGER(k)A(kBl x)=x2))3FRN(x21n-(ltn(x)-k),f))   (6) 

10 (INDVAR(X)A{INTEGER(I)A(1 gl x)Sx))3FRN(x,n-(len(x)-lM)  (6) 

11 INDVAR|x)3(l BIX)SX   (5) 

12 (I gl x).x   (5 6 7) 

13 (INDVAR(x)A(INTEGER(l)Axrx))3FRN{x1n-(len(x)-l),f)  (5 6 7) 

14 INDVAR:x)3(l»n(x)-l)=0   (3) 
■ 

15 (l'in(xH)>0   (3 5 6 7) 

16 (INDVAR(x)A(INTEGtR(l)Ax.x);3FRN(x,i-0l<)  (3 5 6 7) 

17 INTEGER(n)3(n-0).n  (4} 

18 (n-O)-n   (3 4 56 7i 

19 (INDVAR(x)A(INTEGER(l)Ax-x))3FRN(x,n,0  (34567) 

20 FRN(x,n,0   (34567) 

21 (INDVAR(x)A(F0RM(f)A(INTEGER(n)ASUBT(x,t,n))))3FRN(x1n,0  (3 4 5 7) 

22 Vx f n.((INDVAR(x)AiF0RM(f)A(INTEGER(n)ASUBT(xlfln)5))3FRN(x)n,f))   (3 4 5 7) 

23 INVART(k1fl,k1f2)-(INTEGER(k)A(FORM(ll)A(INTEGER(k)A(F0RM(f2)A((GEB(V gl <2,k,f2)9 
GEB(k gl fllk,fl))A((FRN(k gl «2,k.f2) FPN(k gl (l1k,fi))A(k gl f2)S(k gl fl))))))) 

24 INVARV(k,ll,(2)-(INrEGER(k)A(FORM()l)A(FORM(f2)A{(GEB(k gl f2,k)<2)sGEB(k gl fl,k,fl))A 
((FRN(k gl f2,k,(2) FRN(k gl f I lMl))A(k gl f2)=(k gl f I)))))) 

25 INVART(k,«l,k,f2)iNVARV(k,flpf2) 

26 Vkfi f2.(INVART(Ml.M2)iNVARV(k1fl,f2)) 

27 INDVAR(xl)A(INDVAR(x2)A(FORM((i)A(FORM(f2)ASBT(xl,x2,fl,l2))))   (27) 

28 Vx2.(INDVAR(x2)3TERM(x2))   (28) 

^J_»_^__^^i__1-.____.J  — — -    . ,           „. ,  -- --  
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29 INDVAR|)(2)3TERM(x2)   (28) 

30 Vxl nl fl INTEGERInumbfroeocdxI.nl.M))   (30) 

31 SBT(xl,x21fl,l2)^(INDVAR(xl)A(TERM(x2)A(FORM(fl)AFORM((2))))oVnl n2 ((INTEGER(nl)A 
(INTEGER(n2)An2=((numb(r*.POcc(x 1 .nl,)! )*(len(x2)-l ))«nl )))3(HNDVAR(nl tl f I)» 
(nl |l fl)3(n2 Sl t2))A(INDVAR(nl RI f 1 )3(!FRN(xl,nl,<l )3SUBT(x2,f2,n2))A 
('F^N(xl1nl1(l)3lNVART(nl,fl,n2,(2))))))) 

32 Vnl  n2((INTEGER(nl)A(INTEGER(n2)An2=((numblreeocc(xl)nllfl)*(lenfx2)-l))'nl)))3 
(HNDVAR(nl  RHl)=(nl glfi)>Cn2 p.l (2))A(INDVAR;nl RI (I )3((FRN(xl ,nl .f 1 )D 

SUBT(x2.f2,n2))AKRN(xl,nl,(l)^INVART(nl,fl1n21f2))))))   (27 28 30) 

33 (INTEGER(nl )A(INTFr.ER(nl )Anl =((numbfrcoocc(xl .nl.d )*(len(x2)-l ))«nl )))=( 
HNDVARfnl Rlfl)3(nl gifl)=(nl RI (2))A(INDVAR{nl gl f 1'p((FRN(xl .nl.fl )3 
SUBT(x2,(21nl))A(^RN(xl,nl,(l)3lNVART(n!,fl(nl1f2)))))   (27 28 30) 

34 INTEGER(nl)   (34) 

35 INTEGER(mmbfreeocc(xl,nl,(l))   (30) 

36 (INTEGER(nuiTb(reeocc(xl "l ,(1 )^AlNDVAR(x2))3(numb(reeocc(xllnl,f I )*(len(x2)-l )).0   (1) 

.37   (numbfroeocc(xl1nl,ll)*(lon(x2)-l))-0   (127 28 30 34) 

38 (INTEGER(nl)A(INTEüER(nl)AnMO.nl)))=(HNDVAR(nl glfl)3(nl elfl).(nl EH2))A 

(INDVAR(nl gill)=(rRN(xl,nlpn)DSUBT(x2,(21nl))A(,FRN(xl,nl,f 1)3 
INVARKnl.fl.nl^)))))  (1 27 28 30 34) 

39 INTEGER(nl)?(0«nni;   (2) 

40 (0«nl)=nl   (I 2 27 28 30 34) 

41 (INTEGER(nl)A(INTEGER(nl)Anlrnl))3(HNDVAR(nl glflMnl glfl)»(nl «lf2))A 
(INDVAR(nl gl fl )3((FRN(xl .nl ,ll)^SUBT(x2,l2lnl ))AKRN(xl1nll(l )3 
INVART(nl,f 1^1,12)))))   (1  2 27 28 30 34) 

42 HNDVAR(nl glfl)=(nl glfDMnl RM2))A(INDVAR(nl gl fl)3((FRN(xl,nl,f 1 )3 
SUBT(x2,f21nl))A(.FRN(xl,nl1fl)3lNVART(nl>»l1nl,(2))))   (1 2 27 28 30 34) 

43 SBV(xl(x21fl)f2) ((INDVAR(xl)A(INDVAR(x2)A(F0RM(fl)AF0RM(f2))))3Vn(INTEGER(n)3{ 
HNDVAR(n gl fl)=(n gl fl)Mn RI f2))A(INDVAR(n gl fl)3((FRN(xlpn>fl)3 
FRN(x2,n,<2))A(^FRN(xl.n1fl)n|NVARV(n1fl)(2))))))) 

44 (INDVAR(x2)A(FORM()2)A(INTEGER(nl)ASUBT(x2,f2lnl))))=FRN(x21nl,f2)   (3 4 5 7) 

45 INVART(nl ,f 1 .nl 1l2)-INVARV(nl ,f I ,(2) 

46 HNDVAR(nl glfl)i>(nl gl(l)=(nl Rlf2))A(iN0VAR(nl gl (1 ):>((FRN(xl ,nl i\)s 
FRN(x2.nl(l2))AKRN(xl1nl,fl)3lNVARV(nlIfl1(2))))  (I 2 3 4 5 7 27 28 30 34) 

47 INTEGEP(nl^((-INDVAR(nl R! i\)^(n[ gl fl)=(ni gl f2))A(INDVAR(nl gl fl)3 
(FRN(xl,nl1(l)3FR N(x2,nl 1(2))A(.FRN(xl1nl1ll )3lNVARV(nl,fl,(2)))))   (12 3 4 5 
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7 27 28 30) 

48 Vnl.(INTEGER(nl)3(HNDVAR(nl Rl(i)=!nl glflMnl el «»AdNDVARCnl |lfl)3 
((FRN{xl,nl,(l)3FRN(x2,nl,f2))AKRN(xllnl,fl)3lNVARV|nl,fl,f2))))))  (12 3 4 
5 7 27 28 30) 

49 SBV(xl,x2,fl,f2)   (I 2 3 4 5 7 27 28 30 34) 

50 (INDVAR(x 1 )A(INDVAR(x2)A|F0RM|f 1 )A(F0RM(I2)ASBT(XI,x2lfI,f2)))))3SBV|xl,x2,f 1,12) 
(I 2 3 4 5 7 28 30 34) 

51 Vxl x2fl <2,((INDVAR(xl)A(INDVAR(x2)A{F0RM(fl)A(F0RM((2)ASBT:xl,x2,fl1f2)))))3 
SBVi*l,K2,H,t2))   (i 2 3 4 5 7 28 30) 

-■ ---^ ^„.J—-    .. J 
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APPENDIX  t 

THE PROOF THAT UNIVERSAL QUANTIFIER CAN BE INTERCHANGED 

5.1 FOL eommamls fw :lie malM icmtns hi flie i;iany sorted logic 

LABEL THI; ASSUME Vxl x2 II (2.(SaT(xl.x2,il1l2)3 SBVtxl^.fl^)); 
Ve THI. x.s.M.sbUx.x.i); 
VE IUIST0F3 x.x, .'l.r.bilx.x.nh 
t% SUBOCFC ü, x.ti.sbt^^.fl): 
tautsq --.»i'r.-i 
Vi> ■ n* 
VE FREEVO. x, p. f); 
VE FiCCVO, xf R, sh'.l,:.!):': 
VESUBDEF1   n, fl.shi^.x.f!); 
tauUq (n gl II ir(ri »I skt'x.x.ii )),i 1, !7, !£; 
Vi -,n; 
VE ECS fl^M(Mf(l)l 
tsuJit«! •M(MiflHt,M,t*l 
Vi -.x.fl*-*; 

5.2 Prli'toiit of the (»roof in Ihc n;any forttd lo^ic 

1 VxJ x^ "i fiiJ-PTi^.^.f: (2)o,;BV(x>.Ix21i!rf2:.;  (1) 

2 5BT(x,!<,n:-.b.'",x,li;)-SPV(x,x,fl,sb<(x,x)fn)  0 

3 SBT^1y,f!,'.b«|''.x,fl»-sb»(x,K,'!h*bl(r.x,fl) 

4 SBVtjt.x.fi.skMv.^fDJVn.lHNDVARCn RI II» |l ti>(u gl sbl(x,x,?l )))A 

(INDVARln gi il)j{(FRN{x.r.(l):5FRN(x n,r.b»(x;x,f l));A(-FRN(x:n,fl )D|NVARV(n, 

fl.sbUx.x.M)))))) 

5 VnCHNDVA^Cr- ?; <!)=(- gl (l)=(n p.! sbMx.x.C )^A{!MDV'\P(n gi fi)s('F?N(x, 
n,fl)3FRN(x.n,sbKx.x,(!)))A(-FRH(x,n,fi)3lNVARV(n,l!,sbl(x,xrn))))))   (1) 

6 HNDVAR(n gl ItWN rJ H)=(n gl r.bKx.x.fD^AONDVARIn gl fl )a((F9N(xfP.«l)= 
FRN(x1n.8bt(x.t,;!)))A(-FRN(x,t>1«l)^NVARV(n1fl1r,bt(x,x1fl)))))   (1) 

7 FRNIx.n^I, (x=(ngl n)A-GEB(x,n.<i))     VC FRCEVO X , R, f I 

8 FRNtx.n.sbi^.x.f i j^Ur^ gl sbHx.x.ll »A-GEDOfAsbMx.x.f 1))) 

9 INVARV(n,fl,5bt{x)x,fl))-(|GEB(r gl sbtlx.x.lD.vbUx.x.fl^GEBd-, gl «l,n,«i))A 
((FRN{n gl sbKx.x.fD.n.sbUx.x.flDrFRNIn g| (|,n,U))A|n gl 8bt(x,x,!l))» 

(nglfl))) 

10 (nglfD'Cngl tbttx.x.fl))  (I) 

■ - ■ ■ 
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11 Vn.(nKlflMnelsbt(x,x,fl))  (0 

12 Vn.(n gl f 1 )«(n el cb((x,x,«I ))•«I ■sbt(x,x,f 1) 

13 cbt(x,x,fl)> riCI I 

14 Vx f*bt(x,x,fH (1) 

5.3    FOL comniands for the theoren in the many sorted logic 

LABEL FIRSTLEMMA; 
ASSUME Vx f sbl{x,x,0 if; 

LABEL THE0N1; 
ASSUME Vf sqscarK cr cq) ■ f ; 
LABEL THE0N2; 
ASSUME Vf sq.scdr« cc $q) ■ sq; 

Proof of the Lemma: BEW|x gen f) a BEW(() 

LABEL HPT; 
ASSUME BEW(x ;tn f)   ; 

LABEL THTAUT; 
V« FIRSTLEMMA    x, f; 

V« PROVABLE x g«n f ; 
TAUT -:«2 , -PHPT; 
LABEL HPAUX; 
3« - ,sq ; 

V« GENRULO f cc cq .sq.x.x; 
LABEL THNl; 
V« THE0N1      f, sq; 
V* THE0N2     f, sq; 
TAUTEQ     —:«2«2«2«l[fl«- I) ,1:-; 
UNIFY     —-jt2«2i2     -; 
TAUTEQ   :»1        , 1:-; 

Ve PROOF   f cc sq ; 
LABEL GENE I; 
vi   GENI(f cc sq,6q,x,x) , » , EXI(f cc sq.sq.x.x) ; 
UNIFY   ":«2«2"2«1 , - ; 
LABEL PROOFTR; 
TAUT —:•!, 1;-; 

A« HPAUX :»2»2; 
V« -  .fl; 
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V« DEPENDO f ce jq, sq.fl; 
UNIFY -:«2»2«2«2«2, GENE I ; 

TAUTEO DEPENDS ec sq.fl) 3 AXIOM ((I) ,1:-; 
Vi -,flHl; 
TAUTEO THN1 :«2 • THNI :«l ,THN1; 
Ai PROOFTR, - , -- ; 
LABEL USEFUL; 
Vo PROVABLE t; 
UNIFY -:«2 ,-*; 
TAUT --:«l,l:-; 
LABEL CITH1; 
a! HPT,-; 
Prcof of the Lemma BEW(f) a BEW(x gen I) 

LABEL HPT1; 
ASSUME BEW(f); 

TAUT USEFUL:«2 , -,HPTI,USEFUL; 
3« - ,sq; 

A» -:«2«2; 
V« - ,fl; 
Ve GENRUL2 x,sq; 
V« THEORY x,ll; 
TAUTEO --:»2«l"l[f-fl] .HPTI:-; 
Vi        -.fKfl; 
TAUT —-:"l ,HPTI:-; 

Ve GENRULI ({x Ren t) tt sq) , sq .x.x ; 
LABEL THN2; 
Ve THE0N1      x Ren f , -.q ; 
Ve THE0N2      x p.en f , sq ; 
TAUTEO      —:e2«2«2e|[fl •■ f] , THTAUT.HPTi:-; 
UNIFY       :H2»2«2   , -; 
TAUTEO    :•• , THTAUT.HPTI:-; 

Ve PROOF   (x gen f) ee sq ; 
LABEL GEN1; 
vi — , GENE((x gen f) cc sq,sq,x,x) , EXI((x gen f) cc Kq,sq,x,x} ; 
UNIFY   ":«2«2i»2«l , - ; 

LABEL PROOFTR I; 
TAUT   —:i|,HPTI:-(THTAUT; 

Ve DEPENDO (x gen f) cc sq, sq.fl; 
31 GEN1 ,xH OCC 3 6 9,x-xl OCC 2 4 6; 

TAUTEO DEPENDUx gen f) cc sq.fl) = AXIOM (fi) ,THTAUT.HPTI:-; 
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Vi -,fMl; 
TAUTEO THN2:"2 • THN2:«I ,THN2; 
Ai PR00FTR1,-,-- ; 
V« PROVABLE x gen l| 
UNIFY -:«2 ,--; 
TAUT --:«1,THTAUT,HPTI:-; 
LABEL C2TH1; 
ai HPT I,-; 
•\ C1TH1,C2THI; 
LABEL TH1; 
VI -,x,(; 
V« TH1  xl,x2 gen f; 
V« TH1 x2,f; 
V« THl xl.f; 
V« THl x2,xl gen f; 

TAUT -—:•! o -:e|,THI:-; 
Vi -,xl,x2,l; 

5.4    Printout of the proof of the theorem In the many sorted logic 

1 Vx l.sbt(x,x,IH   (1) 

2 Vf tq tcar(f cc tqH   (2) 

3 Vf sqscdr(t cc sqHq   (3) 

4 BEW(x gen f)   (4) 

5 8bt(x,x,f)«f   (1) 

6 BEW(x gen fr3sq (PROOFTREE^ql^Kx gen f)=scar(sq)AVM,(DEPEND(sq,U ^AXIOM«!)))) 

7 3sq (PROOFTREE(^q)A((x 6en l)=scar(sq)AVfl.(DEPEND(sqlfl)3AXI0M(in)))   (4) 

8 PR00FTREE(5q)A((x gen ))«scar(sq)AVfl.(DEPEND(sq1fl)3AXI0M(fl)))   (8) 

9 GENEd ec sq.sq.x.x) (scdr(f cc 5q)«sqA|PR00FTREEI$qKHl,(iearUqMx gen fl)A 
«car(f cc tqHbt(«,*,n)))) 

io mmffmnM (2) 

11 tcdr(l cc tq)^q   (3) 

12 tear(sqHx gen »Ascard cc sq^sbKx.x.f)  (1 2 3 4 8) 

13 3<l (scar(sq)--(x gen (l)Ascar(f cc Bq)=sbt(x,K,(l))   (12 3 4 8) 

14 GENEd cc sq.sq.x.x)  (I 2 3 4 8) 

15 PROOFTREEd cc sq) (FQRMd cc sq)v(3pf (ORId cc sq,pf)v(ANDEd cc sq.pOv 
(FALSEEd cc sqIpf)v(NOTI(f cc sq.ptMNOTEd cc sq.ptjvlMPLId cc sqrp1))))))v 
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(3pf x t (GENKf ce sq.pf.x.DvJGENEtf cc sq.pl.x.UvEXKf cc sq.pf.x.t^jv 
Ppfl p(2{ANDI(f ce sq.pM .pf2)v(FALSEI(f tc sq,pfl1pf2)vlMPLE(f cc «qppll,pf2)))v 
3pll   p(2 l tEXE(f cc sq,p(l,p(2,)(,t)v3p«l pf2 pf3 0RE(f cc «q,pfl>pf2(p«3)))))) 

16 GENKf cc sq.sq.x.xMGENEd cc sq,sq,x,x)vEXI(( cc sq.sq.x.x))   (12 3 4 8) 

17 3p( x 1 |GENI(( cc sq.pt.x.lMGENE« cc sq.pf.x.DvEXIK cc sq.pf.x.l)))   (12 3 4 8) 

18 PROOFTREEd cc tq)  (12 3 4 8) 

19 Vfl (DEPEND(sq1fl)=AXIOM(fl))   (8) 

20 DEPEND(sq1ll)3AXI0M((!)   (8) 

21 PROOF fREE(f cc 5q)=(PR00FTREE(-;q)3((5qrscdr(l cc sqMDEPENDff cc «q,fl)i 
DtPCNMH^IHHfOMd cc sq.'.qMANDEC cc r.q)5q)v(FALSEE(( cc sq,«q)v 

(3f.((N0TID(l cc tq,sq,f)v(N0TED() cc sq,sq,f)vlMPLID(f cc tq,tq10))Aiy(l )v 
3K I (GENKf cc sq,tq,x1t)v(GENE(f ce tq,sq,x,1)vEXI(f cc iq.sq.x.l))))))))) 

22 3K «(GENKf ce iq,sq(x,t)v(GENE(f ce «q.sq,K,l)vEXI(( ee tq.iq.x.t)))   (12 3 4 8) 

23 DEPEND(f cc sq,fl)3AXI0M(fl)   (12 3 4 8) 

24 Vfl (OEPEND(f ce tq,fl)3AXI0M(f|))   (12 3 4 8) 

25 fMear(f cc tq)  (2) 

26 PR00FTREE(f cc sqWfrjcarK cc sq)AVfl (DEPEND» cc sq,fl)3AXI0M(fl)))   (12 3 4 8) 

27 BEW(f)=3sq (PR00FTf?EE('.q)A(f=5car(',q)AVf j (DEPEND(sq,f 1 )3AXI0M(f 1)))) 

28 3sq(PR00FTREE(5q)A()=scar(sq)AVf| (DEPEND(sq1fi)3AXI0M(fl))))   (12 3 4) 

29 BEW(f)   (1 ? 3 4) 

30 BEW(x e«nf)3BEW(f)  (1 2 3) 

31 BEW(f)   (31) 

32 3sq.(PR00FTREE(5q)A(f=scar(sq)AVf| {DEPEND(sq,fl)3AXI0M(fl))))   (31) 

33 PROOFTREE(sq)A(f=scar(sq)AVfI (DEPENDUq.f 1 )3AXI0M(fl)))   (33) 

34 Vfl (DEPEND(sq>fl)3AXI0M(fl))   (33) 

35 DEPEND(sq,fi)3AXI0M(fl)   (33) 

36 APGENI(x1sq)'(Vf (DEPEND(sq,f)^FR(x,f))APROOFTREE(sq)) 

37 AXI0M(fl)3-FR(xIfl) 

38 DEPEND(»q,fl)3'FR(x,fl)   (31 33) 
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39 Vfl (DEPEND{sq1fl)=-FR(x,«l))   (3133) 

40 APGENKx.sq)   (31 33) 

41 GENIKx r.Bn () cc sq.sq.x.x) (,cdr((« R«n I) cc sq)=<;qA(PR00rTREE(sq)A 
3fl (scardx Ren f) cc -.qHx Ron f 1 )A(!:car(5q)=sbl(x(x,fl lAAPCENKx.sq))))) 

42 sc«r((x Ren f) cc sqHx Ren f)   (2) 

43 scdr((x Ren t) cc sq)=sq   (3) 

44 sc«r((x Ren () cc sq)=(x Ren OAUcarlsqHbKx.x.OAAPGENKx.jq))   (12 3 31 33) 

45 3M (sc*r((x Ren I) cc •■.q)=(x Ren f l)A(5c»r(sq)rsbt(x1x)fl )AAPGENI(x,sq)))   (12 3 31 33) 

46 GENI((x Ren () cc sq.sq.x.x)   (12 3 31 33) 

47 PR00FTREE((x Ren () cc sq) (F0RM((x Ren f) cc sqMlpf (0RI((x gen f) ce sq,pf)v 
(ANDE((x Ren f) cc 5q,pf)v(FAL5EE((x Ren f) cc sq,pf)v(NOTI{(x Ren f) ce 8q,pl)v 
(NOTE((x Ren f) cc '•.q,pf)vlMPLI((x Ron f) cc 5q,p())))))v(3p( xl f.(GENI((x Ren () 
cc sq,pf,xi.t)v(r.ENE((x Ren f) cc r.q.pf,«! ,t)vEXI((x gen () ce sq.pl.xl.Djjv 
{3pfl p(2(ANDI((x gwil)« sq.pf I ,pf2)v(FALSEI((x Ren f) ee «9^1^12^ 
IMPLE((x Renf)cc sq,pfl,pf2)))v(lp(l pf2 xl 1 EXE((x Ren f) ec «q1pfl,p«2,xl,t)v 
3pfl p«2 pf3 0RE((x Ren f) ec ^^(1^)2^3)))))) 

48 GENI((x Ren f) ce sq/.q.x.x)v(GENE((x Ren f) cc 5q,sq1x1x)vEXI((x gen f) ce tq, 
sq.x.x))   (1 2 3 31 33) 

49 3pf xl t (GEt i((x Rfln «) cc sq.pl.xl ,l)v(GENE((x gen f) cc sq.pf.xl.Ov 
EXI((x Renf)ccsq,p«   1,1)))   (1 2 3 5i 33) 

50 PROOFTREE((x Ren f) cc sq)   (12 3 31 33) 

51 PROOFTREE((x Ren f) ^c Eq)=.(f3P00FTREE('.q)3((5q=';cdr((x Ren f) ee sq)3(DEPENO( 
(x gen f) cc sq.fl) DEPFND^q.U))) (0RI((x Ron f) cc sq15q)v(ANDE((x gen f) 
cc sq,sq)v(FALSEE((x p.on () cc ',q '.q)v(3f ((N0TID((x gen f) ce sq.sq.fW 
(NOTED((x Ron f) cc 5q,nq,()vlMPLID((« Ron 1) cc sq,sq,f)))AMfl )v 
3x1 t (GENI((x Ren I) cc '•,q1'.q,x!,l)v(GENE{(x Rer f) cc sq.sq.xl.DvEXK 
(x genOcesq.sq.xl.t))))))))) 

52 3x1 t(GENI((x Ren f)cc sq1sq.xl1t)v(GENE{(x RenOce sq,sq,xl,l)v 
EXI((x gen f) ce tq.sq.xi,«)))   (1 2 3 31 33) 

53 OEPENDUx gen I) ce tq,f I )3AXI0M(fl)  (12 3 31 33) 

54 V(l (DEPEN0((x gen f) ee tq,fl)3AXI0M(f 1))  (I 2 3 31 33) 

55 (x gen f)";car((x gen f) ec sq)   (2) 

56 PROOFTREE((x gen f) ce Eq)A((x Ron f)=5ear((x Ren f) ee sq)A 
V(l (DEPEND((x Ren f)cc r.q)(l)3AXI0M(tl)))   (1 2 3 3133) 

57 BEW(x gen ()'3sq (PP00FTREE{sq)A((x gen ()=«ar(5q)AVf 1 .(DEPEND(sq,(l )3AXI0M(f 1)))) 
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5.6    PriiHoiit of thr proof of the main lemma in the second axiomatization 

1    INDVAR{x)AFORM(fl)   (I)  ASSUME 

3 V),.(INDVAR(x)3TERM(x))   (3)   ASSUME 

4 Vx (FORM(x)r<;TRING(x))   (4)   ASSUME 

5 (INnVAR{x)A(INDVAR(x)A(FORM(tl )A{FORM(;bt(x,Xlf I ))ASBT(x,i<Ifl.ibt|X x f I ))))))3 
S6V(x,x,fl.Sbt{x,Xlll))   (2)  VE 2 x . x , (I . sbtlx.x.fl) •"'"•"'^.fl »»»= 

6 INDVAR(x)3TERM(x)   (3)   VE 3 x 

7 F0RM(fi;3STRING(tl)   (4)  VE 4 <l 

8 F0RM(sb»(x.x.fi))3STRING(5bl(x1x,(l))   (4)  VE 4 tbtU.x.fl) 

9 (INDVAR|X)A(TERM(X)A(FORM((I lAFORMUbttx.x.fl )))))3(SBT|x,x>fI .tbtCx.x.fl)). 
«bttx.x.f 1 Hbt(x,x,f|))     VE SUBSTDF3 x , x , fl , sbt(x,x,f I) 

10 (INDVAR(x)A(TERM(x)AFORM(n )))=F0RM(5bl(xlxlfl))     VE SUBSTDF4 x , x , fl 

11 SBV(x.xlfl1',b»(x,x,(l)) ((INDVAR(x)A(INDVAR(x)A(F0RM(ll)AF0RM(5bt(x1xfl)))))3 

Vn.(INTEGER(n)3(HrJDVAR(n || t|)3(n || flHn || sbllx.x.fI )))A(INDVAR(n el fl) 
oCrRNCx.n.fD^FRNIx.n.'bKx.x.fDllAKK^x.n.fDalNVARVIn.fl .sbKx.x.f I)))))) 
))    VE SUBDEFOx.x.fl . ^bKx.x.f I) -    •    » . .    mil 

12 VndNTEGERInlDlHUVARIn K| f|)3(n || fl)c(n gl tbt|x,x,fl)))A|INDVAR(n el fl) 
sCCFRNIx.n.fD^FPNIx.n.-.bKx .x.flDlA^FRNIx.n.fDa 
INVARV(nIf],sb1(x.xlll)))))))   (12 3 4)   1:11 

1 3   INTEGER(n)=(HNDVAR(n gl fl Wn Rl fI )=(n RI 5bf(x,x,f 1 )))A(INDVAR|n il fI )9 
((FRN(x,n,fI )3FRN(x1n(5bl(x1x,(l)))A(.FRN(x1n,n/3lNVARV|n,fl1sbt(x.xfl)))))) 
(I  2 3 4)   VE 12 n '          "" 

14   FRN(x,n,fl)'{x«(n gUDA-GEBlx.n.fl))     VE FREEVO x , n , fl 

1 5   FRNCx.n.sbKx.x.f 1 ))-(x=(n gl sbKx.x.f 1 ))A.GEB(x>nlsbt(x,x1f 1)))     VE FREEVO x , n , 8bl(x,x,f I) 

16 INVARV(n,fl,'.bt(x.x,(l)MINTEGER(n)A(FORM(fl)A(FORM(tbt(x,x,fl))A((CEB(ntl 
sbKx.x.fD.n.sbMx.x.fl)) GEB( * 
n Kl «l.n,fl))A((FRN(n gl sbKx.x.ll J.n.r.bKx.x.f I ))?FRN(n g| f|,n1fl))A(n il 
sbf (x.x.fDMn gl fl))))))     VE   5UBDEFI n.fl .sbKx.x.fl) 

17 INTEGER(n)=.(ngl fl/^(ngl'.bl|x,x,fl))   (12 3 4)   1:16 

18 Vn.(INTEGER(nMnglllHng!5bf(x,x,fl)))  (12 3 4)  Vll7n-n 

1 9   {STRING(f I )ASTRlNG(',bt(x)x>f I )))r.iVn (INTEGtR(n)3(n gl f 1 ).(n gl ibllx.x f 1))). 
fl.«bt(x1x,fl))     VEEQS fl .sbKx.x.fl) ' 

—^ 
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20 f^sbUx.x.f!)   (I 2 3 4)   1:19 

21 (INDVAR(x)AFORM((l))j(l=sbt{x>x1(l)   (2 3 4)   =1120 

22 VK f ((INDV/JRdiJAFORMIflJsl'sbtix.x,«))   (2 3 4)  VI 2i x ♦• Hi •- x 

5.7    FOL commands in the eailirr axiomamation 

LABEL FIRSTI.EMMA; 
ASSUME Vx f ((INDVAR(X)A FORM(I)) ^ sbKx.x.f) «1); 

LABEL THEON1; 
ASSUME Vs sq ((STRINr.(s)A SEOUENCE^q))^ st«r(s cc sq) • %); 
LABEL THEON2; 
ASSm E Vs sq ((STRING(S)A SE0UENCE(sq))3stdr(8 ce sq) ■ sq); 
LABEL TH1; 
ASSUME Vx f ((INDVAR(x)AF0RM(f))3F0RM(x gen ()); 
L'VBEL TH2; 
ASCUME Vf (FORM(f) 9 STRING(()) ; 
LABEL TH3; 
ASSUME Vf sq ((FORM(f)ASE0üENCE(':q))3SEQUENCE(f cc sq)); 
LABEL TH4; 
ASSUME Vx(INDVAP(x)3 TERM(x);; 
LABEL TH5i 
ASSUME Vpf (PR00FTREE(pf)3SEQUENCE(p()); 

Proof of HIP Lemma BEW(x gen I) o BEW«) Under the Assumption: INDVARfx) A FORM(f) 

LABEL HPTT; 
ASSUME INDVAR(X)A F0RM{l); 
LABEL HPT; 
ASSUME DEW(x gen «)   ; 

LABEL THTAUT; 
Ve FIRSTLEMMA   x, f; 

V« PROVABLE x gen I ; 
VE THi x.f; 
TAUT --:e2»2, HPTT:-; 
V« TH2,i; 
Ve TH3,f,sq; 
VE TH41x; 
VE TH5,sq; 
LABEL HPAUX; 
3« ,sq ; 

Ve GENRULO f cc sq .sq.x.x; 
LABEL THN1; 
Ve TH:0N1      f, sq; 
Ve THEON2      f, sq; 
TAUTEO      —:t2«2«2«2»2»2«l[(l«- 1),!:-; 

J 
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UNIFY       :«2«2«2«2«2»2   , -; 
TAUTEQ    :«1 , I:-; 

V« PROOF   ( cc sq ; 
LABEL GENE1; 
TAUTEQ PROOFTREE('.q)AlNDVAR(x)ATERM(x)A(GENI(f cc sq.tq.x.x) v --. v 

EXI(f cc sq.sq.x.x)) I :-j 
UNIFY   --:ii2«2«2»l , - ; 
LABEL PROOFTR; 
TAUT   —:•!, I:-; 

A« HPAUX :"2»2; 
V«    "      ,fl| 

V« DEPEND f cc sq, sq.fi; 
AE GENE 1 .■2; 
UNIFY —:»2«2«2«2»2, - ; 

TAUTEQ DEPEND(f cc ^q.l!) a AXIOM (fi) ,1:-; 
VI -,fl-(l; 
TAUTEO f^'-c^r« cc sq) I:-; 
Aj PROOFTR, - , -- ; 
LABEL USEFUL; 
Ve PROVABLE f; 
UNIFY -:H2«2 ,—; 
TAUT --:«l,l:-; 
LABEL C'THI; 
=1 HPT,-; 

Proof of the LflflNVM P^Mf) a BEW(x |M f) Under the Assumption: INDVAR(x) A FORM(f) 

LABEL HPTI; 
ASSUME BEW(f); 

TAUT USEFUL:«2 , -,HPTI,USEFUL; 
AE -:«2 
3« - ,sq; 

A« -:«2«2; 
V« - ,«l; 
V« GENRUL2 x,sq; 
Ve THEORY x,(l; 
TAUTEQ --:«2"l«2«l[f-fl] ,HPTT,HPTI:-; 
Vi -.fl-fl; 
TAUT :«1 ^PTT.HPTI:-; 

Ve GENRUL1  ((x Ren f) cc sq) , sq ,x,x ; 
LABEL THN2; 
Vo THEONi       x Ren( , sq ; 
Ve THEON2      x gen f , sq ; 
VE TH1  x ,f; 
VE TK2 x Sen f; 
VE TH5 sq; 
TAUTEQ     :«2«2n2«l[fl - (] ,HPTT, THTAUT.HPTl:-; 
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UNIFY      :»2«2»2   , -; 
VE TH3, * fr l.sq; 
TAUTEQ :«1, HP1T, THTAUT.HPTI:-; 

V« PROOF   (x gen f) cc «.r 
V« THA.x; 
LABEL GEN1; 
TAUTEQ PROOFTREE(sq) A INDVAR(X) A TERM(X) A ( —: v GENE((x ä»n f) ee tq.tq.x.x) v 
EXI((x gen f) cc sq.Bq.x.x)) HPTT.HPTh-j 
UNIFY   ™:»2«2«2«l  , - ; 

LABEL PROOFTR1; 
TAUT   -—.••I, HPT1:-,THTAUT,HPTT; 

V« DEPEND (x Run I) cc «q. «q.fl; 
AE GEN1:»2; 
3i -    ,x-« OCC 2 5 8 II; 
Jt -,      x«-xl OCC I 3 5 7; 

TAUTEQ DEPEND((x gon I) cc -iq.fl) = AXIOM (fl) JHTAUT.HPTT.HPTI:-; 
Vi %l|Hlj 
TAUTEQ l r.en f . <!C8r((x g.n f) cc sq),HPTT,HPTl:-; 
AI PROOFTRj. - , -- ; 
V« PROVABLE x gen t; 
UNIFY -:«2«2 ,--; 
TAUT --i-l.THTAUT.HPTI:-; 
LABEL C2THI; 
=1 HPT!,-; 
^1 C1TH1.C2TMIJ 
LABEL THGEN; 
M HPTT,-; 
VI -.x.f; 
Ve THI  xl1x2 gen f; 
Ve THI  x2lf; 
Ve THI xl,(; 
Ve THI x2,xl gen f; 
VE THI.xi.f; 
VE THI,x2,(; 
TAUT (INDVAR(xl) A (INDVAR(x2) A FORM(f))) a (BEW(xl gen (x2 gen f)) ■ 
BEW(x2 gen (xl gen ())),THGEN:-; 
VI •,xl,x2,t; 

5.6    "-iiitnin of ihr pifiof m ihr p.ulirr axioinalizatinn 

1 Vx f ((INDVARCxJAFORMdlJo'.bKx.x.fhf)   (j)   ASSUME 

2 Vs sq ((STRING{r,)ASE0UENCE(5q))='scar(s cc sq)=s)   (2)   ASSUME 

3 Vs sq ((STRING(s)ASE0UENCE(5q))3scar(s cc «qHc;)   (35   ASSUME 
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I 
4 Vx f{(INDVAR(x)AF0RM(f))3F0KM(x genO)  (4)  ASSUME 

5 Vf.(F0RM(()3STRING(())   (5)   ASSUME 

6 Vf sq ((FORM(f)ASE0UENCE(sq))3SEQUENCE(« cc sq))   (6)  ASSUME 

7 Vx.(INDVAR(x)3TERM(x))   (7)   ASSUME 

8 Vpf.(PROOFTREE{pf)3SE0UENCE(pf))   (8)  ASSUME 

9 INDVAR(x)AFORM(f)   (9)  ASSUME 

10 BEW(x g.n f)   (10)  ASSUME 

11 (INDVARIxlAFORMOnosbKx.x.fH   (1)  VE 1 x , f 

12 BEW(x gan f)iF0RM(x Ren f)A3sq (PR00FTREE(sq)A||x |«n f)«ie«r(«q)AVfl,(OEPEND{ 
tq.fl )3AXI0M(f!)))))     VE PROVABLE x g«n I 

13 (INDVAR(X)AFORM(I))=FORM(X R«n f)   (4)  VE 4 x , ( 

14 38q(PR00FTREE(r.q)A((x cenO'ScarlsqlAVfi.lDkrENIT^q.fDsAXIOMtfl))))   (14 9 10)   9:13 

15 FORM(«)3STPING(f)   (5)  VE 5 f 

16 (FORM(()ASE0UENCE(5q))3SE0UENCE(f cc sq)   (6)  VE 6 ( , tq 

17 INDVAR(x)3TERM();)   (7)   VE 7 x 

18 PROOFTREE(sq)3SEOUENCE{r.q)   (8)  Vlltq 

19 PROOFTREE(sq)A((x ß«nf).scar(sq)AVfl.(DEPEND(sqIfl)=AXIOM(fl)))   (19)   ASSUME 

20 GENE(f ec sq.sq.x.x) (SEOUENCE{f ee sq)A(INDVAR(x)A(TERM(x)A(«edr(f ee «q)-«qA(PROOFTREE(tq)A 
3f 1 (FORM(f! )A(5car(r.q;=(x Ron f I )A 

icar(f cc $q)>sbt(x,x,f I))))))))     VE GENRULO < cc sq , sq , x , x 

21 (STRING(f)ASE0UENCE(sq))3«c«r(( cc sqM  (2)  VE 2 f , «q    , 

22 (STRING())ASE0UENCE(sq))3scdr(f cc sq)--sq   (3)  VE 3 I , «q 

23 FORM(f)A(5c«r(sq)»(x Ron i)^c»r{\ cc sqNbtU.x.f))   (1 2 3 4 5 6 7 8 9 10 19)   1 ! 22 

24 311 (FORM((l)A(««r(':q)r(x Ren ll)AScar() cc sq)=sbl(x,xI(!)))   (1 2 3 4 5 6 7 8 9 10 19)   UNIFY 23 

25 GENE(( cc sq.r.q.x.x)   (12 3 4 5 6 7 8 9 10 19)   1 : 24 

26 PROOFTREE(f cc 1^1 ((SEOUENCE(f cc sq^FORMU cc sq))v(3pf (PROOFTREE(pOA(ORI(f cc sq,pf)v 
(ANDEU cc sq)pf)v(FALSEF(f cc '•.q1p0v(N0TI(( tc sq,pl)v(NOTE(f cc sq,pf)v 
IMFLKf cc sq.pf)))))))v{3p< x I (PRO0FTREE(pl)A(INDVAR(x)A(TERM(t)A 
(GENKf cc sqIpf,x,»)v(GENE(f cc sq.pf.x.Dv 
EXI(f ec sqIpf1x,l))))))v(3pfl p)2.(PRO0FTREE(p(l)A(PR0OFTREE(pf2)A(ANDI(f cc 8q,pfl1pf2)v 

- - - -      - ■■ 
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46 PROOFTREE(sq)A(f=sear(sq)AVfl (DEPEND(sq,fl)oAXIOM01»)  (46) ASSUME 

47 Vfl (DEPEND^,! I bAXIOMKI))   (46)   AE 46 :»2«2 

48 DEPEND(sq,<l)3AXIOM0l)  (46)  VE 47 «1 

49 APGENI(x>sq)=({INDVAR(x)AVf (ÜLPEND(5q1f)=-FR(x,f)))APR00FTREE($a>; VE GENRUL2 x , sq 

50 AXIOM« I )=KR(x,f 1 )AF0RM« 1))     VE THEORY x , f 1 

51 DEPEND(sq,fl)3-FR(x,(l)  (I 2 3 4 5 6 7 8 9 43 46)   9 , 43 : 50 

52 Vfl (OEPEND(sq,f I )=>-FR(x1f 1))   (1 2 3 4 5 6 7 8 9 43 46)  V! 51 fl •■ 11 

53 APGENKx.sq)   (I 2 3 4 5 6 7 R 9 43 46)   9 , 43 : 52 

54 GENI((x Ren f) cc !%•%«•") (SC0UENCE((x Ren f) cc 5q)A(INDVAR(x)A(INDVAR(x)A 
(scdr({x Ren f) cc sq^qA^ROOFTREEMA;]!! (FORM((l )A(sear((x gen f) cc sq)t 
(x gen fl)A(5c«r(5q)^,bt(x,x1fl)AAPGCNI(x15q))))))))) 
VE GENRULI  (x gen f) cc sq , -.q , x , x 

55 (STRINGS Ren l)ASEOUENCE(rq))D',car((x gen f) cc sqMx gen ()(2) VE 2 x g«n f , sq 

56 (STRINGS gen f)ASE0UENCE(5q))3r.cdr((x gen f) cc sq).sq  (3) VE 3 x gen f , tq 

57 (INDVAR(x)AF0RM(f))3F0RW(x gen f)   (4)  VE 4 x , I 

58 FORM(x gen l)3STRING(x Ron f)   (5)  VE 5 x gen f 

59 PROOFTREE(sq)=SFnUENCE('.q)   (8)  VE 8 sq 

60 FORM(1)A(scar((x gen '; cc sq)=(x gen f)A(5car(sq)ssb1{x,xpf)AAPGENI(xlsq))) 
(I 2 3 4 5 6 7 8 9 43 16)   11 , 43 : 59 , 9 

61 3fl (F0RM(fl)A(sc8r((x gen () cc sq)=(x gen (1 )A(scar(sq)=sb1(x1x,(l)A 
APGENKx.sq))))   (1 2 3 4 5 6 7 8 9 43 46)  UNIFY 60 

62 (FORM(x gen ()ASEQUENCE(sq))3SE0UENCE((x gen () cc tq)  (6) VE 6 x gen f , tq 

63 GENI((x gen f) cc sq.sq.x.x)   (I 2 3 4 5 6 7 8 9 43 46)   9 , 11 , 43 : 62 

64 PROOFTREE((x Ron f) cc sq) ((SE0lJE^F.((x Run I) cc sq)AF0RM((x gen f) ce tq))v 
(3pf (PROOFTRLL(pt)A(0RI((x n.rn () cc sq,pf)v(ANDE((x Ron f) cc sq.pOv 
(FALSEE((x Ren f) cc Mh^MNOTiftn R"" 0 « sq,pf)v(NOTE((x gen I) cc 5q,pl)v 
IMPLI((x Ren f) cc sq,pf)))))))v(3p( xl I (PR0OFTREE(pf)A(INDVAR(xl)A(TERM(t)A 
(GENI((x gen () cc sq,p)(Kl,l)v(r.CNE((x »on f) cc sq.pf.xl lt)vEXI((x gen f) 
cc sq,pf,xl,t))))))v(3pfl pf2(PROOFTREE(p(l)A(PROOFTREE(p(2)A(ANDI((x gen f) 
cc sq1p<l,p«2)v(FAL5EI((x gon Dec sq.pd ,pf2)vlMPLE((x gen () cc sq(pM,pf2)))))v 
(3pf! p«2 xl x2.(PRO0FTREE(pfl)A(PR00FTREE(p(2)A(INDVAR(xl)A(INDVAR(x2)AEXE( 
(x gen f) cc sq,pn>pf21xi1x2)))))v3pfl p<2 pf3 (PR00FTREE(pIl)A(PR00FTREE(pf2)A 
(PROOFTREE(pf3)AORE((x gen f) cc sq.pfl.p^.pf:)))))))))     Vt PROOF (x gen f) cc tq 

65 INDVAR(x)3TERM(x)  (7)  VE 7 x 
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66 PROOFTREEMMINDVARUWTERMWMGENiax gen f) cc sq,sq,x,x)v(GENE((x g«n f) 
cc sq,sq,x1x)vEXI((x sen f) cc '.q,5q.x,x))))) (I 2 3 4 5 6 7 8 9 43 46) 9,43 : 65 

67 3pt xl t{PROÜFTREE(pf)A(INDVAR(xl)/N(TERMU)/s(GENl((x gen f) cc «q.pf.xl ,t)v 
(GENF((x gen f) c .q.pf.xl ,t)vEXI((x gen () cc sq.pf.xl.t)))))) 
(I 2 3 4 5 6 7 8 9 43 46)  UNIFY 66 

68 PROOFTREE((x gen f) cc sq)   (I 2 3 4 5 6 7 8 9 43 46)   43 : 67 , 11 , 9 

69 ({PROOFTREE((x gon f) cc ^qWRROOFTREE^qjAsq^cdrdx gen f) cc sq)))=(DEPEND{ 
(x gen f) cc sq,ll)^DErCND(cq,(l)))-{ORI((x r,on () cc sq,5q)v(ANDE({x gen f) cc 
sq,sqMFALSEE((x gon I) cc '.q^qWIBI (FORM{I)A((NOTID((X gen f) cc sq.sq.ljv 
(NOTED((x gen I) cc ^q.-.q.OvlMPI ID((x gen I) cc ';q)Gq,()))Al/f 1 ))v3x! t( 
INDVAR(xl)A(TERM(t)A(GErjl((x p.on i) cc sq.-.q.xl.tWtGENEKx gen f) cc sq.sq.xl, 
l)vEXI((x gen \) cc -.q.r.q.xl,()))))))))   VE DEPEND (x gen 0 cc sq , sq , fl 

fQ   INDVAR(x)A(TERM(y)A(GLNI((x %tn f) cc r.q,r,q,x)x)v(GENE((x gen f) cc cq.sq.x.xW 
EXI((x gen 1) cc -sq.'.q.x.x))))   (I 2 3 4 5 6 7 8 9 43 46)   AE 66 :»2 

7 1    3» (INDVAR(X)A(TERM(I)A(GENI((X gen I) cc ^q.-.q.x.OviGENEdx gen f) cc sq.sq.x.t) 
vEXI((x gen «) cc sq.-.q.x.t))))) (1 2 3 4 5 6 7 8 9 43 46)   70 x - I OCC 

72 3x1 f,(INDVAR(xl)A(TEPM(t)A(GENI((x gen f) cc sq.sq.xl .OvIGENEdx gen f) cc sq, 
sq)Kl.t)vEXI((x gen I) cc sq.sq.xl ,t)))))   {1 2 3 4 5 6 7 8 9 43 46) 71 x»-xl OCC 

73 DEPEND.'(x gen f) cc sq,n)3AXI0M(fl)   (12 3 4 5 6 7 8 9 4346)   11,9,43:72 

74 Vfl (DEPEND((x gen f) cc ^,(1 )3AXI0M(fl))   (i 2 3 4 5 6 7 8 9 43 46)  VI 73 fi ♦- II 

75 (x gen fHcar((x gen f) cc sq)   (12 3 4 5 6 7 8 9 43 46)   9 , 43 : 74 

76 PROOFTREE((x gen i) cc 6q)A((x gen O^carUx gen () cc sq)AV(l.(DEPEND((x gen f) 
cc sq.f I )='AXIOM(ll)))   (1 2 3 4 5 6 7 8 9 43 46)   A! (68 (75 74)) 

77 BEW(x (en f)-(FORM(x gen f^q (PR00FTREE(5q)A((x gen f)«$C8r{sq)AVfl.(DEPEND 
(sq,f 1 )=AX.OM(f 1)))))     VE PROVABLE x gen I 

78 3sq(PR00FTPEE(sq)A((x gon f)^car('-,q)AVf 1 (DEPENDteq.U ):>AXIOM(fl)))) 
(I 2 3 4 5 6 7 8 9 10 19 43 46)   UNIFY 7r 

79 BEW(x gen f)   (I  2 3 4 5 6 7 8 9 43)   11 , 9 . 43 : 78 

80 BEW(f)3BEW(y gen f)   (1 2 3 4 5 G 7 8 9)   =1 43 79 

81 BEW(x gen ()-BEW(0   (12 3 4 5 6 7 8 9)   "I 42 80 

82 (INDVAP(x)AFORM(f))t>(DEW(x gen f)BEW(n)   (12 3 4 5 6 7 8)   al 9 81 

83 Vx f ((INDVAR(x)AF0RM(t))3(DEW(x gen f) BEW(()))   (1 2 3 4 5 6 7 8) VI 82 x , f 

84 (INDVAR(X1)AFORM(X2 gen l))»(BCW(>l gen (x2 gen f))sBEW|x2 gen f)) 
(12 3 4 5 6 7 8)   VE 83 xl , x2 gen \ 
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85 (INDVAR(X2)AF0RM(())3(BEW(X2 g«n f)^EW(f))  (12 3 4 5 6 7 8)  VE 83 x2 , f 

86 (INDVAR(xl )AF0RM(f))3(BEW(xl f>«n ()^BEW(f))  (12 3 4 5 6 7 8)  VE 83 xl , f 

87 (INDVAR(X2)AF0RM(X1 gon ())3(BEW(x2 gon (xl gen f))iBEW(xl g«n «)) 
(12 3 4 5 6 7 8)   VE 83 x2 , xl gen I 

88 (INDVAR(X1)AF0RM(())OF0RM(X1 gen ()  (4)  VE 4 xl , f 

89 (INDVAR(X2)AFORM(())DFORM(X2 gen ()  (4)  VE 4 x2 , f 

90 (INDVAR(xl )A(INDVAR(x2)AF0RM(f)))3(BEW(xl gen (x2 gen <))SBEW(x2 gen (xl gen f))) 
(I 2 3 4 5 6 7 8)   84 : R9 

91 Vxl x2 f ((INDVAR(xl)A(INDVAR(x2)AF0RM(f)))3(BEW(xl gen (x2 gen f))iBEW(x2 gen ( 
xl genf)))) (I 2 3 4 56 7 8)  VI 90x1 ^2 .f ' 

 u.    
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